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PREEACHS

Anyone accustomed to tnink 1n terms of the equilibrium of
demand and supply may be inclined, on reading these pages, to
suppose that the argument rests on a tacit assumption of constant
returns in all industries. If such a supposition is found helpful,
there is no harm in the reader’s adopting it as a temporary work-
ing hypothesis. In fact, however, no such assumption is made.
Ne changes in output and (at any rate in Parts I and IT} no
changes in the proportions in which different means of produc-
tion are used by an industry are considered. so that no question
arises as to the variation or constancy of returns. The investi-
gation is concerned exclusively with such properties of an eco-
nomic system as do not depend on changes in the scale of pro-
duction or in the proportions of ‘factors’.

This standpoint. which is that of the old classical economists
from Adam Smith to Ricardo, has been submerged and forgotten
since the advent of the ‘marginal’ method. The reason is ob-
vious, The marginal approach requires attention to be focused
on change, for without change either in the scale of an industry
or in the ‘proportions of the factors of production’ there can be
neither marginal product nor marginal cost. In a system in
which, day after day, production continued unchanged in those
respects, the marginal product of a factor (or alternatively the
marginal cost of a product) would not merely be hard to find—
it just would not be there to be found.

Caution is necessary, however, to avoid mistaking spurious
‘margins’ for the genuine ariicle. Instances will be met in these
pages which at first sight may seem indistinguishable from exam-
ples of marginal production; but the sure sign of their spurious-
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PREFACE

ness is the absence of the requisite kind of change. The most
familiar case is that of the product of the ‘marginal land’ in
agricultyre, when lands of different qualities are cultivated side
by side: on this, one need only refer to P. H. Wicksteed, the
purist of marginal theory, who condemns such a use of the term
‘marginal” as a source of ‘dire’ confusion’!

The temptation to presuppose constant returns is not entirely
fanciful. It was experienced by the author himself when he started
on these studies many vears ago-—and it led him in 1925 inio
an attempt to argue that only the case of constant returns was
generally consistent with the premises of economic theory. And
what is more, when in 1928 Lord Keynes read a draft of the
opening propositions of this paper. he recommended that, if
constant returns were not to be assumed, an emphatic warning
to that effect should be given.

These allusions give incidentally some indication of the dis-
proportionate length of time over which so short a work has
been in preparation. Whilst the central propositions had taken
shape in the late 1920’s, particular points, such as the Standard
commodity, joint products and fixed capital, were worked out
in the ’thirties and early 'forties. In the period since 1955, while
these pages were being put together out of a mass of old notes,
little was added, apart from filling gaps which had become
apparent in the process (such as the adapting of the distinction
between ‘basics’ and ‘non-basics’ to the case of joint products).

As was only natural during such a long period, others have
from time to time independently taken up points of view which are
similar to one or other of those adopted in this paper and have de-

! ‘Political Economy in the Light of Marginal Theory’, in Economic
Journal xxrv (1914), pp. 18-20, reprinted as an appendix to his Common
Sense of Political Econemy, ¢d. Liope]l Robbins (1933), pp. 790-2.

.
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PREFACE

veloped them further or in different directions from those pursued
here. It is, however, a peculiar feature of the set of propositions
now published that, although they do not emter into any dis-
cussion of the marginal theory of value and distribution, they
have nevertheless been designed to serve as the basis for a cri-
tique of that theory. If the foundation holds, the critique may
be attempted later, either by the writer or by someone younger
and betier equipped for the task.

My greatest debt is to Professor A. §. Besicovitch for in-
valuable mathematical help over many years. I am also in-

debted for similar help at different periods to the late Mr. Frank
Ramsey and to Mr. Alister Watson. It will be only too obvious
that I have not always followed the expert advice that was given
to me—particularly with regard to the notation adopted, which
I have insisted on retaining (although admittedly open to objee-
tion in some respects) as being easy to follow for the nob-
mathematical reader.

P.S
TRINITY COLLEGE

CAMBRIDGE
March 1959
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PART 1

SINGLE-PRODUCT INDUSTRIES AND
CIRCULATING CAFPITAL






CHAPTER 1

PRODUCTION FOR SUBSISTENCE

1. Let us consider an extremely simple society which
produces just enough to maintain itself. Commodities are produced
by separate industries and are exchanged for ome another at a
market held after the harvest.

Suppose at first that only two commodities are produced,
wheat and iron. Both are used, in part as sustenance for those
who work, and for the rest as means of production—wheat as
seed, and iron in the form of tools. Suppose that, all in all, and
including the necessaries for the workers, 280 gquarters of wheat
and 12 tons of iton are used to produce 400 quarters of wheat;
while 120 quarters of wheat and 8 tons of iron are used to
produce 20 tons of iron. A year’s operations can be tabulated as
follows:

280 gr. wheat-+12 t. iron—> 400 gr. wheat
120 qr. wheat+ & t. iron—> 20 t. iron.

Nothing has been added by production to the possessions of
society as a whole: 400 qr. of wheat and 20 t. of iron have been
used up in the aggregate and the same quantities are produced.
But cach commodity, which initially was distributed between
the industries according 10 their needs, is found at the ¢nd of the
year to be entirely concentrated in the hands of its producer.

{We shall call these relations ‘the methods of production and
productive consumption’, or, for short, the methods of produc-
tion.}



SINGLE-PRODUCT INDUSTRIES

There is a unique set of exchange-values which if adopted
by the market restores the original distribution of the products
and makes it possible for the process to be repeated; such values
spring directly from the methods of production. In the particular
example we have taken, the exchange-value required is 10 gr.
of wheat for 1 t. of iron.

2. The same applies to three commodities, or indeed to
any number, Adding as a third product pigs:

240 qgr. wheat+12 t. iron+ I8 pigs—-450 qr. wheat
90 qr. wheat+ 6 t. iron+12 pigs—> 21 t. iron
120 gr. wheat+ 3 t iron+30 pigs— 60 pigs

The exchange-values which ensure replacement all round
are 10 qr. wheat = 1 t. iron = 2 pigs.

It may be noticed that, while in the two-industry system the
amount of iron wvsed in wheat-growing was necessarily of the
same value as the amount of wheat used in iron-making, this,
when there are three or more products, 1s no longer necessarily
true of any pair of them. Thus in the last example there is no
such equality and replacement can only be effected through
triangular trade.

3. To restate the position in general terms, we have the
commodities ‘a’, ‘b, .., ‘k’, each of which is produced by a
separate industry.

We call 4 the quantity annually produced of ‘a’; B the
similar quantity of ‘b’; and so on.

We also call A,, B,, ..., K, the quantities of a’, b, .., 'k’
annually used by the industry which produces 4; and A, Bu, ....
K, the corresponding quantities used for preducing B: and so on,

4



PRODUCTION FOR SUBSISTENCE

All these tepresent known quantities. The unknowns to be
determined are Pa, Po .... P respectively the values of unmits of
the commeadities ‘a’, ‘b, ..., ‘k’ which if adopted restore the
initial position,

The conditions of production now appear as follows:
Aapa+Bupb+--~+Kapk= Ap,;
Ahpa+Bbpb+u-_+Kbpk= pr
Agp.+B;,ph+...+K1,p,,= ka

where, since the system is assumed to be in a seif-replacing state,
A+ A +.. +Ay=A; B,+By+...+B.=B;...; and K,+Ks+...
+K.=K. That is to say, the sum of the first column is equal to

the first line, that of the second column to the second line, and
$0 On.

It is not mecessary to suppose that every commodity enters
directly into the production of every other; accordingly some of
the quantities on the left-hand side, ie. on the side of the means
of production, may be zero.

One commodity is taken as standard of value and its price
made equal to unity. This leaves k- 1 unknowns. Since in the
aggregate of the equations the same quantities occur on both
sides, any one of the equations can be inferred from the sum of
the others! This leaves k-1 independent linear equations which
uniquely determine the k-1 prices.

1 This formulation presupposes the system's being in a secif-replacing
state; but every system of the type under consideration is capable of being
brought to such a state merely by changing the proportions in which the
individual equations enter it. (Systems which do so with a surplus are dis-
cussed in §4ff. Systems which are incapable of doing so under any pro-
pottions and show a deficit in the production of some commodities over
their consumption even if nope has a surplus do not represent viable
economic systems and are not considered.)

5



CHAPTER 11
PRODUCTION WITH A SURPLUS

4. If the economy produces more than the minimum neces-
sary for replacement and there is a surplus to be distributed, the
system becomes self-contradictory. In effect, if we add up all the
equations, the right-hand side of the resulting sum-equation (or
gross national product) will contain, besides all the quantities that
are found on the left-hand side (or means of production and sub-
sistence), some additional ones that are not. Reckoning as in § 3,
there are now k independent equations with only & - 1 unknowns.

The difficulty cannot be overcome by allotting the surplus
before the prices are determined, as is done with the replacement
of raw-materials, subsistence, etc. This is because the surplus (or
profit) must be distributed in proportion to the means of produc-
tion {or capital) advanced in each industry; and such a proportion
between two aggregates of heterogeneous goods (in other words,
the rate of profits) cannot be determined before we know the
prices of the goods. On the other hand, we cannot defer the
allotment of the surplus till after the prices are known, for, as
we shall see, the prices cannot be determined before knowing the
rate of profits. The result is that the disiribution of the surplus
must be determined through the same mechanism and at the same
time as are the prices of commodities.

Accordingly we add the rate of profits (which must be uni-
form for all industries) as an unknown which we call r and the
system becomes

(Apa+ Bupo+ ... +Kop) 49 = Ap,
{A.p,+ Bbe'i‘.., + Kbpk) (l+r) = Bp,

(Axp., +kab .0+ Kgp.) (]+r) == Kp.,

6



PRODUCTION WITH A SURPLUS

where, since the system is assumed to be in a self-replacing state,
At Ay AL AB A B+ .+ BB o Ko+ K+ K LKS
that is to say the quantity produced of each commodity is at least
equal to the quantity of it which is used up in all branches of pro-
duction together.

This system contains a number of k independent equations
which determine the & -1 prices and the rate of profits.

5. As an example we may in the two-commodity case (§ 1)
increase the output of wheat from 400 qr. to 575 gr. leaving all
the other quantities unchanged. This gives a socia) surplus of
175 qr. of wheat and the resulting position is:

280 gr. wheat+12 t. iron—>-575 qr. wheat
120 qr. wheat+ 8t. iron—> 201.iron.

The exchange-ratio which enables the advances to be replaced
and the profits to be distributed to both industries in proportion
to their advances is 15 gr. of wheat for 1 t. of iron; and the corres-
ponding rate of profits in each industry is 25%.

(Let us, as an illustration, do the arithmetic for the iron in-
dustry. Of the 20 t. produced, 8 go to replace the iron used and
12 are sold, at the price of 15 gr. wheat per ton, thereby obtaining
180 gr. wheat: of these, 120 qr. go to replace the wheat used and
60 gr. are profit at the rate of 259% on the 240 qr. wheat which is
the aggregate value of the wheat and iron used as means of pro-
duction and subsistence in the iron industry.)

6. One effect of the emergence of a surplus must be noticed.
Previously, all commodities ranked equally, each of them being
found both among the products and among the means of produc-
tion; as a result each, directly or indirectly, entered the production
of all the others, and each played a part in the determination of
prices. But now there is room for a new class of ‘luxury” products

7



SINGLE-PRODUCT INDUSTRIES

which are not used, whether as instruments of production or as
articles of subsistence, in the production of others.

These products have no part in the determination of the
system, Theit role is purely passive. If an invention were to
reduce by half the quantity of each of the means of production
which are required to produce a unit of a ‘luxury’ commodity of
this type, the commodity itself would be halved in price, but there
would be no further comsequences; the price-relations of the
other products and the rate of profits would remain unaffected.
But if such a change occurred in the production of a commodity
of the opposite type, which does enter the means of production,
all prices would be affected and the rate of profits would be
changed. This can be seen if we eliminate from the system the
equation representing the production of a ‘luxury’ good. Since
by the same act we eliminate an unknown (the price of that good)
which only appears in that equation, the remaining equations
will still forrmn a determinate sysem which will be satisfied by the
solutions of the larper system. Omn the other hand, if we eliminated
cne of the other, non-luxury, equations, the number of unknowns
would not thereby be diminished since the commodity in question
appears among the means of production in the other equations and
the system would become indeterminate.

What has just been said of the passive role of luxury goods
can readily be extended to such ‘luxuries’ as are merely used in
their own reproduction, either directly (e.g. racehorses) or indirectly
(e.g. ostriches and ostrich-eggs) or merely for the production of
other luxuries {e.g. raw silk).

The criterion is whether a commodity enters {no matter
whether directly or indirectly) into the production of all commo-
dities. Those that do we shall call basic, and those that do not,
non-basic products,



PRODUCTION WITH A SURPLUS

We shall assume throughout that any system contains at least
one basic product.

7. It is desirable at this stage to explain why the ratios
which satisfy the conditions of production have been called
‘values’ or ‘prices’ rather than, as might be thought more appro-
priate, ‘costs of production’.

The latter description would be adequate so far as non-basic
products were concerned, since, as it follows from what we bave
seen in the preceding section, their exchange ratio is merely a
reflection of what must be paid for means of production, labour
and profits in order to produce them — there is no mutual
dependence.

But for a basic product there is another aspect to be consi-
dered. Its exchange-ratio depends as much on the use that is
made of it in the production of other basic commeodities as on
the extent to which those commodities enter its own production.
(One might be tempted, but it would be misleading, to say that
‘it depends as much on the Demand side as on the Supply side”)

In other words, the price of a non-basic product depends on
the prices of its means of production, but these do not depend
on it. Whereas in the case of a basic product the prices of its
means of production depend on its own price no less than the
latter depends on them.

A less one-sided description than cost of production seems
therefore required. Such classical terms as ‘necessary price’,
‘natural price’ or ‘price of production’ would meet the case, but
value and price have been preferred as being shorter and in the
present context (which contains no reference to market prices) no
more ambiguous.

It may be added that not only in this case but in general the
use of the term ‘cost of production’ has been avoided in this work.

9



SINGLE-PRODUCT INDUSTRIES

as well as the term ‘capital’ in its quantitative connotation, at the
cost of some tiresome circumlocution. This is because these terms
have come to be inseparably linked with the supposition that they
stand for quantities that can be measured independently of, and
prior to, the determination of the prices of the products. (Witness
the ‘real costs” of Marshall and the ‘Quantity of capital’ which is
implied in the marginal productivity theory.) Since to achieve
freedom from such presuppositions has been one of the aims of
this work, avoidance of the terms seemed the only way of not
prejudicing the issue,

8. We have up to this point regarded wages as consisting of
the necessary subsistence of the workers and thus entering the
system on the same footing as the fuel for the engines or the feed
for the cattle. We must now take into account the other aspect
of wages since, besides the ever-present element of subsistence,
they may include a share of the surplus product. In view of this
double character of the wage it would be appropriate, when we
come to consider the division of the surplus between capitalists
and workers, to separate the two component parts of the wage
and regard only the ‘surplus’ part as variable; whereas the goods
necessary for the subsistence of the workers would continue to
appear, with the fuel, etc., among the means of production.

We shall, nevertheless, refrain in this book from tampering
with the ftraditional wage concept and shall follow the usual
practice of treating the whole of the wage as variable.

The drawback of this course is that it involves relegating the
necessaries of consumption to the limbo of non-basic products.
This is due to their no longer appearing among the means of pro-
duction on the left-hand side of the equations: so that an im-
provement in the methods of production of necessaries of life will
-no fonger directly affect the rate of profits and the prices of other

10



PRODUCTION WITH A SURPLUS

products. Necessaries however are essentiallty basic and if they
are prevented from exerting their influence on prices and profits
under that label, they must do so in devious ways (e.g. by setting
2 limit below which the wage cannot fall; a limit which would
itself fall with any improvement in the methods of production of
necessaries, carrying with it a rise in the rate of profits and a
change in the prices of other products.)

In any case the discussion which follows can easily be adapted
to the more appropriate, if unconventional, interpretation of the
wage suggested above.

9. We shall also hereafter assume that the wage is paid
post factum as a share of the annual product, thus abandoning the
classical economists’ idea of a wage ‘advanced’ from capital. We
retain however the supposition of an annual cycle of production
with an annual market.

10. The quantity of labour employed in each industry has
now to be represented explicitly, taking the place of the comres-
ponding quantities of subsistence. We suppose labour 1o be uni-
form in quality or, what amounts to the same thing, we assume
any differences in quality to have been previously reduced to equi-
valent differences in quantity so that each unit of labour receives
the same wage.

We call L., L,, ..., L, the annual quantities of labour res-
pectively employed in the industries producing 4, B, ..., K and we
define them as fractions of the total annual labour of society.
which we take as unity, so that

We call w the wage per unit of labour, which like prices will
be expressed in terms of the chosen standard. (See further, on
the choice of a standard, § 12.)

1



SINGLE-PRODUCT INDUSTRIES

11. On this basis the equations take the form:

(Aopat Bopot .. .+ Kp) 4D+ L,w = Ap.

(Awpat By +...+ Kor) (1 1)+ Lyw = Bpy

(A + Bupe+.. 4+ Kiups) Q40+ Liw = Kpa
where, as in the earlier cases, the system is assumed to be in a
self-replacing state, namely such that A.+A.+.. . +A4, < A
B,;+Ba+... +Bk<B, e Ku+Kb+..- +K],-<K-

12. The national income of a system in a self-replacing state
consists of the set of commodities which are left over when from
the gross national product we have removed item by item the
articles which go to replace the means of production used up in
all the industries.

The value of this set of commodities, or ‘composite commo-
dity’ as it may be called, which forms the national income, we
make equal to unity. It thus becomes the standard in terms of
which the wage and the & prices are expressed (taking the place of
the arbitrarily chosen single commodity in terms of which k-1
prices, besides the wage, were expressed).

We have therefore the additional equation

[A —(A¢+Ab+ +Ak)] P.:+[B— (Bu+Bb+ +Bk}]pb+---
+{K - (K. +Kp+...+K)lpe = L.

(It is impossible for the aggregate quantity of any commodity
represented in this expression to be negatiive owing to the condi-
tion of self-replacement assumed in § 11.)

This gives k+1 equations as compared with k+2 variables
{k prices, the wage w and the rate of profits r).

The result of adding the wage as one of the variables is that
the number of these now exceeds the number of equations by one
and the system can move with one degree of freedom; and if one
of the variables is fixed the others will be fixed tos.

12



CHAPTER 1

PROPORTIONS OF LABOUR TO MEANS OF
PRODUCTION

13. We proceed to give the wage (w) successive values ranging
from 1 to O: these now represent fractions of the national iscome
(cp. 88 10 and 12). The object is to observe the effect of
changes in the wage on the rate of profits and on the prices of
individual commodities, on the assumption that the methods of
production remain unchanged.

14. When we make w equal to i the whole national income
goes to wages and r is eliminated. We thus revert, in effect, to
the system of linear equations from which we started, with the
difference that the quantities of labour are now shown explicitly
instead of being represented by gquantities of necessaries for
subsistence.

At this level of wages the relative values of commodities ate
in proportion to their labour cost, that is to say to the gquantity
of labour which directly and indirectly has gone to produce them.’
At no other wage-level do values follow a simple rule.

15. Starting from the situation in which the whole of the
national income goes to labour, we imagine wages to be reduced:
a rate of profits will thereby arise.

The key to the movement of relative prices consequent upon
a change in the wage lies in the inequality of the proportions in
which labour and means of production are employed in the
various industries.

} See Appendix A, On Sub-systems,

13



SINGLE-PRODUCT INDUSTRIES

It is clear that if the proportion were the same in all indus-
tries no price-changes could ensue, however great was the diversity
of the commodity-composition of the means of production in
different industries. For in each industry an equal deduction from
the wage would yield just as much as was required for paying
the profits on its means of production at a uniform rate without
need to disturb the existing prices.

16. For the same reason it is impossible for prices to remain
unchanged when there is inequality of ‘proportions’. Suppose that
prices did remain unchanged when the wage was reduced and a
rate of profits emerged. Since in any one industry what was saved
by the wage-reduction would depend on the number of men em-
ployed, while what was needed for paying profits at a uniform
rate would depend on the aggregate value of the means of pro-
duction used, industries with a sufficiently low proportion of
labour to means of production would have a deficit, while indus-
tries with a sufficiently high proportion would have a surplus, on
their payments for wages and profits. (Nothing is assumed at the
moment as to what rate of profits corresponds to what wage re-
duction; all that is required at this stage is that there should be a
uniform wage and a uniform rate of profits throughout the system.)

17. There would be a ‘critical proportion’ of labour to means
of production which niarked the watershed between ‘deficit’ and

! In these ‘proportions’ the means of preduction must be measured by
their values, but since values may change with a change in the wage the
question arises, which values? The answer is that, as regards establishing
the equality or non-equality of the proportions (which is all that we are
concerned with at the moment). all the possible sets of values give the
same resull. In effect, as we have seen, if the proportions of all the in-
dustries are equal, values, and therefore proportions, do not change with
the wage; and from this it follows that if the proportions are unequai at
the set of values corresponding to one wage they canmot be equal at any
other, and so they are unequal at all values.

14
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‘surplus’ industries. An industry which employed that particular
‘proportion’ would show an even balance—the proceeds of the
wage-reduction would provide exactly what was required for the
payment of profits at the general rate. Whatever the precise value
of that ‘proportion” in any particular system, it can be said a prion
that, in a system including two or more basic industries, the indus-
try with the lowest proportion of labour 1o means of production
would be a ‘deficit’ industry and the one with the highest propor-
tion would be a ‘surplus’ industry.

18. 1t follows that, with a wage-reduction, price-changes
would be calied for to redress the balance in each of the ‘deficit’
and in each of the ‘surplus’ industries.

To achieve this object it is first of all the price-ratio between
each product and its means of production that one expects 10
come inio play. Consider the situation of a ‘deficit’ industry when
the wage is reduced. A rise in the price of the product relatively
to the means of production would help to eliminate the deficit
since it would release some of that share of the gross product
of the industry which had been going to pay for the replacement
of the now cheapened means of production; this would be added
to the quantity available for distribution as wages or profits. The
price rise by itself would thus result in an increase in the magni-
tude (and not merely in the value) of that part of the product of
the industry which is available for distribution, despite the fact
that the methods of production were unchanged.

A further effect of the rise in the price of the product rela-
tively to the means of production would of course be to help a
given quantity of product to go a longer way towards achieving
the required rate of profit.

In the second place, and independently of this, the steeper
the rise in the price of the product relative to labour, the smaller
would be the quantity of it absorbed by the wage.
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In a like way price-movements in an opposite direction could
accomplish the disposal of the surplus which otherwise would
appear in an industry using a high ‘proportion’ of labour to means
of production.

19, It does not by any means follow, however, that the price
of the product of an industry having a low proportion of labour
to means of production (and therefore a potential deficit) would
necessarily rise, with a wage-reduction, relative to its own means
of production. On the contrary, it might quite possibly fall. The
reason for this seeming contradiction is that the means of produc-
tion of an industry are themselves the product of one or more
industries which may in their turn employ a still lower proportion
of labour to means of production (and the same may be the case
with these latter means of production; and so on); in that case
the price of the product, although produced by a ‘deficit’ industry,
might fall in terms of its means of production, and its deficiency
would have to be made good through a particularly steep rise
relative to labour.

The result is that as the wages fall the price of the product
of a low-proportion (or ‘deficit’) industry may rise or it may fall,
or it may even alternate in rising and falling, relative to its means
of production; while the price of the product of a high-proportion
(or ‘surplus’y industry may fall or it may rise, or it may alternate.
What neither of such products can do, as we shall presently see
(§§ 21-22), is to remain stable in price relative to its means of
production throughout any range, whether long or short, of the
wage-variation.

20. To conclude this preliminary survey of the subject it
may be pointed out that these considerations dominate not only
the price-relation of a product to its means of production but
equally its relations to any other product. As a result, the rela-
tive price-movements of two products come to depend, not only

16
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on the ‘proportions’ of labour to means of production by which
they are respectively produced, but also on the ‘proportions’ by
which those means have themselves been produced, and also on
the ‘proportions’ by which the means of. production of those
means of production have been produced, and so on. The result
is that the relative price of two products may move, with the fall
of wages, in the opposite direction to what we might have expected
on the basis of their respective ‘proportions’; besides, the prices
of their respective means of production may move in such a way
as to reverse the order of the two products as to higher and lower
proportions; and further complications arise, which will be con-
sidered subsequently.

However complex the pattern of the price-variations arising
from a change in distribution, their net result, and their complete
justification, remains the simple one of redressing the balance in
each industry. They fully achieve that object, but it could not
be achieved with anything less.

21. We now revert to the “critical’ proportion which has beea
mentioned before (§ 17) as constituting the borderline between
‘deficit’ indusiries and ‘surplus’ industries. Suppose that there
was an industry which employed labour and means of production
in that precise proportion, so that with a wage-reduction, and on
the basis of the initial prices, it would show an exact balance of
wages and profits. Suppose further that the means of production
which it used, taken as an aggregate, were themselves produced
by labour and means of produciion in that proportion; and sup-
pose finally that the same proportion applied to the production
of the aggregate means of production by which those means of
production were produced, and similarly to the successive layers
of means of production involved, however far we traced them
back.

17
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The commeodity produced by such an industry would be
under no necessity, arising from the conditions of production of
the industry itself, either to rise or to fall in value relative to any
other commodity when wages rose or fell; for, as we have scen,
a necessity of this sort can originate only from a potential deficit
or surplus and an industry operating under the conditions describ-
ed would ipso facto be in balance. A commodity of this type
would in any case be incapable of changing In value relative to
the aggregate of its own means of production since the recur-
rence of the same ‘proportion’ would apply equally to them.

Two separate conditions have been assumed to obtain this
result, namely (1) that the ‘balancing’ proportion is used, and (2}
that one and the same proportion recurs in all the successive
layers of the industry’s aggregate means of production without
limit. We shall, however, find that the first condition is necessarily
implied in the second for, as will presently appear (§22), within
any one system complete ‘recurrence’ is only possible with the
balancing proportion. So that there is in effect only one condi-
tion, that of ‘recurrence’.

22. In trying to identify the ‘balancing’ proportion it is con-
venient to replace the hybrid ‘proportion’ of the quantity of labour
to the value of the means of production which we have been
using up to this point, with one of the corresponding ‘pure’ ratios
between homogeneous quantities. There are two such correspond-
ing ratios, namely the quantity-ratio of direct to indirect labour
employed, and the value-ratio of net product to means of produc-
tion! We shall adopt the latter here.

While the rate of profits is uniform in ali industries, and
depends only on the wage, the value-ratio of the net product to

! In general (ie. for all the industries that do mer use the ‘balancing’
proportion) these two ratios will coincide only when the valye-ratio is
calculated at the values for w = 1.

18
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the means of production is in general different for cach industry
and mainly depends on its particular circumstances of production.

, There is however an exception to this. When we make the

wage equal to zero and the whole of the net product goes to pro-
fits, in each industry the value-ratio of net product to means of
production necessarily comes to coincide with the general rate of
profits. However different from one another they may have been
at other wage-levels, at this level the ‘value ratios” of all indus-
tries are equal.

It follows that the only ‘value-ratio’ which can be invarianf
to changes in the wage, and therefore is capable of being ‘recur-
rent’ in the semse defined in § 21, is the one that is cqual to the
rate of profits which corresponds to zero wage. And thar is the
‘balancing’ ratio.

We shall call Maximum rate of profits the rate of profits as it
would be if the whole of the national income went to profits,
And we shall denote by a single letter, R, the two coincident ratios,
pamely the Maximum rate of profits and the ‘balancing’ ratio of
net product to means of production.

19



CHAPTER 1V

" THE STANDARD COMMODITY

23. The neccessity of having to express the price of one
commodity in terms of another which is arbitrarily chosen as
standard, complicates the study of the price-movements which
accompany a change in distribution. It is impossible to tell of
any particular price-fluctuation whether it arises from the peculia-
rities of the commodity which is being measured or from those
of the measuring standard. The relevant peculiarities, as we have
just seen, can only consist in the inequality in the proportions of
* labour to means of production in the successive ‘layers’ into
which a commodity and the aggregate of its means of pro-
duction can be analysed; for it is such an inequality that makes
it necessary for the commodity to change in value relative to its
means of production as the wage changes.

The ‘balanced’ commodity which we have just considered
(§ 21) would present no peculiarities of this type, since the same
proportion would be found in all its ‘layers’. 1t is true that, as
wages fell, such a commodity would be no less susceptible than
any other to rise or fall in price relative to other individual
commeodities; but we should know for certain that any such fluc-
tuation would originate exclusively in the peculiarities of pro-
duction of the commodity which was being compared with it,
and not in its own. If we could discover such a commodity we
should therefore be in possession of a standard capable of isolating
the price-movements of any other product so that they could be
observed as in a vacuum.

24. It is not likely that an individual commodity could
be found which possessed even approximately the necessary re-

’
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quisites. A mixture of commodities, however, or a ‘composite
commeadity’, would do equally well; it might do even better, since
it could be ‘blended’ to suit cur reguirements, medifying its com-
position so as to smooth out a price-bulge at one wage-level or
to fill in a depression at another level.

We should, however, not get very far with the attempt to
concoct such a mixture before realising that the perfect composite
commodity of this type. in which the requirements are fulfilled
to the letter, is one which consists of the same commodities {(com-
bined in the same proportions) as does the aggregate of its own
means of production —in other words, such that both product
and means of production are quantities of the self-same compo-
site commodity,

The question is, can such a commedity be constructed?

25. The problem is one that concerns induostries rather
than commodities and is best approached from that angle.

Suppose we segregate from the actual economic system such
fractions of the individual basic industries as will together form a
complete miniature system endowed with the property that the
various commodities are represented among its aggregate means
of production in the same proportions as they are among its
products.

As an example let us assume that the actual system from
which we start includes only basic industries and that these
produce respectively iron, coal and wheat in the following way:

50t.iron+120t. coal + 60 gr. wheat+ labour —~ 180 1. iron
50 t.iron+125 t. coal + 150 qr. wheat+ B, labour —> 450 t. coal
40t.iron+ 40 t. coal +200 qr. wheat+ & labour —> 480 qr. wheat

180 285 410 1 Totals
2
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where, since iron happens to be produced in a quantity just
sufficient for replacement (180t.), the national income includes
only coal and wheat and consists of 165t. of the former and
70 qr. of the latter.

To aobtain from this a reduced-scale system in the required
proportions we must take, with the whole of the iron industry, £
of the coal industry and 3} of the wheat-growing one. The re-
sulting system is:

90 t.iron+120t. coal + 60 gr. wheat+ ;3 labour — 180 t. iron
30t.iron+ 75t coal+ 90 gr. wheat+ % labour —> 270 t. coal
30t. iron+ 30t.coal+ 150 qr. wheat + 8 labour —> 360 qr. wheat

150 225 300 12 Totals

The proportions -in which the three commodities are pro-
diiced in the new system (180 : 270 : 360) are equal to those
in which they enter its aggregate means of production
(150 : 225 : 300). The composite commodity sought for 1s
accordingly made up in the proportions

1 t. iron: 14 t. coal: 2 gr. wheat.

26. We shall call a mixture of this type the Standard
composite commaodity or, for short, the Standard commodity, and
the set of equations (or of industries), taken in the proportions
that produce the Standard commodity, the Standard system.

It can be said that in any actual economic system there is
embedded a miniature Standard system which can be brought to
light by chipping off the unwanted parts. (This applies as much
to a system which is not in a self-replacing state as to one
which is)

' 22
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We shall as a rule find it convenient to take as unmit of the
Standard commodity the quantity of it that would form the net
product of a Standard system cmploying the whole annual labour
of the actual system. (For such a unit to form the net product
in the above example, each indusiry must be increased by 4. the
aggregate labour employed being thereby raised from ]2 1o ;§.
as a result the unit would consist of 40t iron, 60t.coal and
80 qr. wheat.) Such a unit we shall call the Standard net product
or Standard national income.

27. The fact that in the Standard system the various com-
modities are produced in the same proportions as they enter the
aggregate means of production implies that the rate by which
the quantity produced exceeds the quantity used up in production
is the same for each of them. In the above example the rate for
each commodity is 209, as can be seen if the figures are so re-
arranged that the aggregate quantity of each commodity entering
the means of production is set against the quantity of it that is
produced :

( 90+30+ 30)(1 +2%) = 108 t. iron
(120+75+ 30)(1 + 3%) = 270 t. coal
{ 60+90+150)(1 + 2%) = 360 qr. wheat.

28. The rate that applies to the individual commodities is
naturally also the rate by which the total product of the Standard
system exceeds its aggregate means of production, or the ratio
of the net product to the means of production of the system.
This ratio we shall call the Standard ratio.

The possibility of speaking of a ratic between two collec-
tions of miscellaneous commodities without need of reducing
them to the common measure of price arises of course from the
circurnstance that both collections are made up in the same pro-
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portions—from their being in fact quantities of the same com-
posite commodity.

The result would therefore not be affected by multiplying
the individual component commodities by their prices. The ratio
of the values of the two aggregates would inevitably be always
equal to the ratio of the quantities of their several components.
Nor, once the commodities had been multiplied by their prices,
would the ratio be disturbed if those individual prices were to
vary in all sorts of divergent ways.

Thus in the Standard system the ratio of the net product to
the means of proeduction would remain the same whatever varia-
tions occurred in the division of the net product between wages
and profits and whatever the consequent price changes.

29. What has just been said of the ratio of the net product
to the means of production in the Standard system applies
equally if we replace the net product by any fraction of it: the
ratio of such fraction to the means of preduction will remain
unaffected by any vanation of prices.

Now suppose the Standard net product to be divided between
wages and profits, taking care that the share of each consists
always, as the whole does, of Standard commodity: the resulting
rate of profits would be in the same proportion to the Standard
ratio of the system as the share allotted to profits was to the whole
of the net product. In the example givenm above, where the
Standard ratio was 209%, if 3 of the Standard national income
went to wages and } to profits, the rate of profits would be 5%;
if half went to each, it would be 109%; and if the whole went to
profits the rate of profits would reach its maximum level of 20%
and coincide with the Standard ratio.

The rate of profits in the Standard system thus appears as a

24
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ratio between quantities of commodities irrespective of their
prices.

30. To restate the position in general terms, as far as the
Standard system is concerned, we may say that, if R is the Stan-
dard ratio or Maximum rate of profits and w the proportion of
the pet product that goes to wages,
the rate of profits is

r=R(l - w)

Thus as the wage is gradually
reduced from 1 to O the rate of
profits increases in direct proportion o RATE OF PROFITS U] R
to the total deduction made from Fig. 1. Relation between w
the wage. The relation can be re- (as 2 proportion of the Stand-
presented graphically by a straight ;’r‘;ﬁ“g product) and the rate &
line as shown in Fig. 1.

WAGE S {w}

31. Such a relation is of interest only if it can be shown that
its application is not limited to the imaginary Standard system
but is capable of being extended to the actual economic system of
observation.

This turns on whether the decisive role which the Standard
commodity plays in this connection lies in its being the constituent
material of the national income and of the means of production
(which is peculiar to the Standard system), or in its supplying the
medium in which wages are estimated. For the latter is a func-
tion which the appropriate Standard commodity can fulfil in any
case, whether the system is in the Standard proportions or not.

Now it is true that appearances arg against the second alter-
native. In the Standard system the circurnstance of the wage
being paid in Standard commodity seems to draw its special signi-
ficance from the fact that the residue left over for profits will



SINGLE-PRODUCT INDUSTRIES

itself be a quantity of Standard commodity and therefore similar
in composition to the means of production: the result is that the
rate of profits, being the ratio of these two homogeneous quanti-
ties, can be seen to rise in direct proportion to any reduction
made in the wage. There would therefore appear to be no reason
to expect that in the actual system, when the equivalent of the
same quantity of Slandard commodity has been paid for wages,
the value of what is left over for profits should stand in the same
ratio to the value of the means of production as the correspond-
ing quantities do in the Standard system.

But the actual system consists of the same basic equations as
the Standard system, only in diflerent proportions; so that, once
the wage is given, the rate of profits is determined for both
systems regardless of the proportions of the equations in either of
them. Particular proporitons, such as the Standard ones, may
give transparency to a system and render visible what was hidden,
but they cannot alter its mathematical properties.

The straight-line relation between the wage and the rate of
profits will therefore hold in all cases, provided only that the
wage is expressed in terms of the Standard product. The same
rate of profits, which in the Standard system is obtained as a
ratio between quantities of commodities, will in the actual system
result from the ratio of aggregate values.

32. Reverting to our example, if in the actual system (as
outlined in § 25 ff., with R = 209%) the wage is fixed in terms of
the Standard net product, to w = $ there will correspond r = 5%.
But while the share of wages will be equal in value to 3 of the
Standard national income, it does not follow that the share of
profits will be equivalent to the remaining } of the Standard
income. The share of profits will consist of whatever is left of
the actual national income after deducting from it the equivalent
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of 3 of the Standard national income for wages: and prices must
be such as to make the value of what goes to profits equal to
59% of the value of the actual means of production of society.

33. To restate it in general terms, the problem of constructing
a Standard commodity amounts to finding a set of k suitable
multipliers, which may be called g, G ..., ¢ t0 be applied res-
pectively to the production-equations of commodities ‘a’, b’, ...
k.

The multipliers must be such that the resulting quantities of
the various commodities will bear the same proportions to one
another on the right-hand sides of the equations (as products) as
they do on the aggregate of the left-hand sides (as means of
production).

This, as we have seen, implies that the percentage by which
the output of a commodity exceeds the quantity of it entering the
aggregate means of production is equal for all commodities. This
percentage we have called the Standard ratio and we have denoted
it by the letter R.

Such a condition is expressed by a system of equations which
contains the same constants {representing quantities of commo-
dities) as the production equations, but arranged in a different
order (the rows of one system corresponding to the columns of
the other). This system of equations, which we shall refer to as
the g-system, is as follows:

(A,q.+ Ay +... + A, q) (1 +R) = Aq,
(B,g,+B,q,+..7"+ B,q,) (1‘*'3) B‘Jo

. - » . - - . - at - - .

(K Kyt Eig) (1 +R) = K‘Ik-

To complete the system it is necessary to define the unit in
which the multipliers are to be expressed; and since we wish the
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quantity of labour employed in the Standard system to be the
same as in the actwal system (§ 26), we define the unit by an
additional equation which embodies that condition, namely:

Loga+ Lygy+ ...+ Lygi =1.

We have thus a number k+1 of equations which determine
the k multipliers and R.

34. By solving this system of equations we obtain a set of
nur;bers for the multipliers (we may call these numbers g’ ., g'v-..,
g':). We apply these to the equations of the production system
(§ 11) and thus transform it into a Standard system as follows:

Gal(Apat By +... + K o) (1 +r)+L,w] = g 4p,
G [{(Apa+Bots+ ... +Kpy) (L +1)+L,w] = g, Bp,

L) - - - . . - - . . *

AL Ao+ Byt ... + Eipy) (1 +7) +Lw] = g Kp,

From this we derive the Standard national income which
henceforward we shall adopt as unit of wages and prices in the
original system of production. The unit equation of § 12 is
therefore replaced by the following where the ¢’s stand for known
numbers while the p’s are variables:

(gi4— (o4, + gy Ay + . + 614019, + (1B — (6B, + Bt
+aBllb+ ... +[G K — (g K, + K+ ... +aK) 1 = I.

This composite commodity is the Standard of wages and
prices that we have been seeking of (§ 23).

35. It is evidently impossible for those non-basic products
which are completely excluded from the role of means of produc-
tion to satisfy these conditions and find a place in the Standard
system. The multiplier appropriate to their equations can there-
fore only be zero.
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The same, if slightly less obviously, is true of those other
non-basics which, while not entering the means of production of
commodities in general, yet are used in the production of one or
more non-basics, which may include themselves (e.g. special raw
materials for luxury goods; and luxury animals or plants).

In so far as a commeodity. of this kind entered only the pro-
duction of a non-basic product of the type previously considered,
it would clearly follow the latter’s fate and have zero for multiplier.

And in so far as it entered its own production, the ratio of
its quantity as product to its quantity as means of production
would be exclusively determined by its own production-equation
and would therefore in general be unrelated to R and consequently
be incompatible with the Standard system. The multiplier appro-
priate to it would therefore also be zero.!

We may in consequence simplify the discussion by assuming
that all non-basic equations are eliminated at the outset so that
only basic industries come under consideration.

It is to be noted that the absence of the non-basic industries
from the Standard system does not prevent the latter from being
equivalent in its effects to the original system since, as we have
seen (§ 6), their presence or absence makes no difference to the
determination of prices and of the rate of profits.

! Strictly speaking the muitiplier would be zero for every possible
value of R except the one that was equal to the ratio of the quantitv of
that non-basic in the net product to its quantity in the means of produe-
tion. This is a freak case of the type referred to in Appendix B: at that
particular value of R all prices would be zero in terms of the non-basic
in guestion,



CHAPTER ¥

UNIQUENESS OF THE STANDARD SYSTEM

36. In the following five sections it is sought to ptove that
there always is a way, and never more than one way, of trans-
forming a given ecopomic system into a Standard system: in
other words, that there always is one, and only one, set of mult-
pliers which, if applied to the several equations or - industries
composing the system, will have the effect of rearranging them
in such proportions that the commodity-composition of the aggre-
gate means of production and that of the aggregate product are
identical.

37. That any actual economic system of the type we have
been considering can always be transformed into a Standard
system may be shown by an imaginary experiment,

{The experiment involves two types of alternating steps. One
type comsists in changing the proportions of the industries; the
other in reducing in the same ratio the quantities produced by all
industries, while leaving unchanged the quantities used as means
of production.) ‘

We start by adjusting the proportions of the industries of the
system in such a way that of each basic commeodity a larger quan-
tity is produced than is strictly necessary for replacement.

Let us next imagine gradually to reduce by means of suc-
cessive small proportionate cuts the product of all the industries,
without interfering with the quantities of labour and means of
production that they employ.

As soon as the cuts reduce the production of any one com-
modity to the minimum level required for replacement, we re-
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adjust the proportions of the industries so that there should again
be a surplus of each product (while keeping constant the gquantity
of labour employed in the aggregate). This is always feasible so
long as there is a surplus of some commoditics and a deficit of
none.

We coptinug with such an alternation of proportionate cuts
with the re-establishment of a surplus for each product until we
reach the point where the products have been reduced to such an
extent that all-round replacement is just possible without leaving
anything as surplus product.

Since to reach this position the products of all the industries
have been cut in the same proportion we are now able to restore
the original conditions of production by increasing the guanlity
produced in each industry by a uniform rate; we do not, on the
other hand, disturb the proportions to which the indusiries have
been brought. The uniform rate which restores the original con-
ditions of production is R and the proportions attained by the
industries are the proportions of the Standard system,

38. We now consider the gquestion whether the Standard
system into which a given system of industries can be transformed
is unique or whether there may be alternative ways of rearrange-
ment which satisfy the cosditioas.

The equations of the g-system (§ 33) are reducible to an
equation of the kth degree in R and therefore there may be as
many as k values of R (each with its corresponding set of values
of the g's) which satisfy them. To show that only one of these
sets represents a possible way of rearranging the industries into
a Standard system it is sufficient to prove that there cannot be
more than one value of R to which there corresponds an ali-
positive set of values of the g's.

3
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39. As a preliminary to doing so, we must show that, just as
there always is a possible set of multipliers (§ 37), so there is at
all values of the wage including zero a set of prices which satisfy
the condition of replacement of the means of production with
uniform profits: that is to say, there always is a set of positive
values of the p’s.

We start from the level of w = 1 where, since prices are equal
to labour cost (§ 14), the values of the p’s must necessarily be all
positive. If the value of w is moved continuously from 1 to §, the
values of the p's will also move continuously, so that any p to
become negative must go through zero. However, while wages and
profits are positive, the price of no commodity can become zero
until the price of at least one of the other commodities entering
its means of production has become negative. Thus, since no p
can become negative before any other, none can become negative
at all}

40. As a second, and final, preliminary it is convenient for
purposes of comparison to rewrite here the production equations
as they appear when wages are made equal to zero. The labour
terms, having to be multiplied by 0. may be omitted altogether
and instead of r we write R which stands for the Maximum rate
of profit. We can take the price of any one of the commodities as
unity.

The production system thus becomes

(Aebot+ Byt ... + K py) (1 +R) = 4p,
(Appe+Bypy+...+K,p,) (1+R) = Bp,

. - - . - - - - - - » - - -

(At +Bipy+... + K ) (1+R) = Kp,.

¥ For the proof to be complete it is necessary to show in addition that
the p’s representing prices of basic products cannot become negative through
becoming infinite—unlike the p's of non-basics which can do so. This
is shown in the Note on Self-reproducing Non-basics (Appendix B).
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41. We can at last proceed to show that there can be no
more than one set of positive multipliers. Let R’ be a possible
value of R to which there correspond positive prices pla, pay ..us
p'x and positive multipliers ¢ ., gy, ..., . Let R” be another
possible value of R to which there correspond prices p“s, p”s....
p” and multipliers ¢”s, g”5 ....q"« We must prove that it is
impossible for the g”’s to be all positive.

Putting in the production equations (as re-written for w = 0
in the preceding sectiony R’ for R and p’,. p%..... p'x for
Pas Do Pe  and multiplying them respectively by g”. ¢”b,...,
q". we obtain the system

G{Abet B pi+. .+ E ) (1 +R) = giAp,
q'(Aan'FBbPo'*' +K0Pt) (1+R) = %Bﬁb
(Akﬁa +BkPa+ +prk) ( 1 +R') = ?;KPx
and adding these up we have
(At Bpy+ ... + K i) + o (Aspat Bopy - + K p) + ...
+qe( Aty + By + -+ Kefi)] (1 +R7)
= LeAp.+ 9By + ... + gikp; (1)

Now, putting in the g-equations (as given in § 30) R” for R
and g”.. g”s...., @ O g, Gp...., g and multiplying them
respectively by p's, Pu...s P« we obtain

PlA G+ A G+ A (14 R) = pLAg,
P.(B Q'+B.q'+ +B*¢)(1+R') .ff»Bq'

Px(ff¢9:+xa?.+»-+ﬂl¢i) (1+R') ﬁgﬁ'q'

and adding these up we have
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SINGLE-PRODUCT INDUSTRIES

[P A e+ Aot +Asg0 +05(Baa+ By o+ - + Bygi) + ...
K K+ + K )] (L+R)
= g AG+BBG+... + 5K (2)

The terms of sum-equation (i) are identical with those of
sum-equation (2) (although grouped in a different way), with the
exception that R’ and R” are distinct numbers. Therefore, for the
equations to be true, both sides of both equations must be equal
to zero: which, since all the p's are positive, denotes that some of
the ¢” ‘s must must be negative.

This proves that, if there is a set of positive values for the
p’s there can be no more than one set of positive values for the g's.*

We had previously seen (in § 37) that there always is a set
of positive ¢’s and (in § 39) that there always is a set of positive
p's. We can therefore conclude that there always is one, and only
one, value of R to which there comesponds a set of positive multi-
pliers {g’s) which will transform a given economic syslem info a
Standard system.

42. It can be shown, as an immediate consequence of the
above, that the value of R to which correspond all-positive prices
{and which we shall go on caling R) is the lowest of the k possi-
ble values of R.

In effect, suppose this not to be true; then there exists a
value R lower than R" which we shall call R”. As an example,
make R’ = 159% and R” = 10%.

To ascertain whether this is possible, we revert to the system
with w and r (§ 11). We assign as wage a quantity of the Standard
! A similar arpument, only putiing in the p™s and the ¢”s instead of
the p's and the ¢™’s proves that, if there is a set of positive values for the

q’s, there can be no more than one set of positive values for the p's.
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commodity, which, as we know, corresponds to R'. Thus we re-
place the labour terms (L.w, L,w, etc.) with proportionate quan-
tities of the Standard commodity, such that their total is a fraction

{in the example which we have chosen, 1} of the Standard national
income, At the same time we take as standard of prices an arbi-
trarily chosen basic commodity ‘a’ and make its value equal to
unity.

Consider now two sets of solutions of the resulting systen.
QOne corresponds to R’, giving
r=R(1-1)=10%
and all-positive prices (since, being positive at r = R’, they will
remain so at all values of r down to 0, cf. § 39).

The second set of solutions corresponds to R”. We know
from the last section that at the prices corresponding to R” the
value of the Standard commodity, which is formed in the pro-
portions that correspond to R’, is 0, so that the wage vanishes and

r=R" = 10%,.

This implies, as indeed was said in the last section, that among
the prices corresponding to R” some must be negative and others
positive,

The two sets of solutions thus give the same value (10%)
for r, but two different sets of prices.

This, however, is impossible, for to any one value of r there
can correspond only one set of prices; in effect, when r is replaced
by a known number such as 10% the equations form a linear
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system and for the remaining unknowns' there is a unique set of
solutions.

Thus R’, the value of R to which correspond all-positive prices,
cannoot be higher. and therefore must be lower, than any other
value R” to which correspond some positive and some negative
prices?

43, The Standard system is a purely auxiliary construction.
It should therefore be possible to present the essential clements
of the mechanism under consideration without havipg recourse {o
it.

We know that, if we make the Standard net product equal to
unity, so that the wage is measured in terms of it, a relation of
proportionality is established between a deduction from the wage
and the corresponding addition to the rate of profits, in accord-
ance with the expression

r=R{1-w)
where R’ is the ratio of the Standard net product to its means of
production which results from the g-equations.

1 In these conditions, cne of the equations is implicit in the others
(see § 3, last paragraph) and the number (¢ — 1) of independent equations
is -equal to the number of the remaining unknowns.

2 It may be noted that the straight-line relation represented by
r=R({(l~w)
would continue to hold good if the wape were to be measured in any of
the other Standard commodities which correspond to the possible values
of R higher than R’ (if it is possible to conceive of Standard commodities
which include negative components; a point to which we revert in ch. vnp
The prices of the various Standard commuodities, relative to each other,
would with the change of r move in such a way that although the wage,
at any given value of r, would represent different proportions of the res-
pective Standard national incomes, yet these different fractions of different
Standard incomes would all be of equal value, When r was made equal
to R’ the wage in terms of any one of the other Standard comrnodities
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This proposition is reversible, and if we make it a condition
of the economic system that w and r should obey the propostiona-
Iity rule in question, the wage and commodity-prices are then
ipso facto expressed in Standard net product, without need of
defining its composition, since with no other unit can the pro-
portionality rule be fulfilled.

To do this we have only to substitute for the equation (p. 28)
which makes the Standard net product equal to unity, the above
relation linking w and r with R’. And to find R’, namely the
value of R to which correspond positive multipliers and positive
prices, we need not have recourse to the g-equations; we can find
it as the Maximum rate of profits from the production equations,
by making w = (.

The above condition is sufficient to ensure that the wage and
commodity-prices are expressed in terms of the Standard net pro-
duct. And it is curious that we should thus be enabled to use a
standard without knowing what it consists of.

There is available however a more tangible measure for prices
of commodities which makes it possible to displace the Standard
net product even from this attenuated function. This measure, as
we shall presently see, is ‘the quantity of labour that can be pur-
chased by the Standard net product’. In effect, as soon as we
have fixed the rate of profits, and without need of knowing the
prices of commodities, a parity is established between the Standard
net product and a quantity of labour which depends only on the
rate of profits; and the resulting prices of commodities can be
indifferently regarded as being expressed cither in the Standard
net product or in the quantity of labour which at the given level

would consist of a non-zero quantity of such Sandard commodity but the
value of the latter would be zero if expressed in terms of the Standard
commodity formed by means of all-positive multipliers and which cor-
responds {o R,
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of the rate of profits is known to be equivalent fo it. This quan-
tity of labour will vary inversely with the Standard wage (w) and
directly with the rate of profits. If the annual labour of the system
is taken as unit, this equivalent quantity of labour, derived from
the above relation, is ) '

1R
w R-r

Thus all the properties of ‘an invariable standard of value’,
as described in § 23, are found in a variable quantity of labour,
which, however, varies according to a simple rule which is in-
dependent of prices: this unit of measurement increases in
magnitude with the fall of the wage, that is to say with the rise
of the rate of profits, so that, from being equal to the annual
labour of the system when the rate of profits is zero, it increases
without limit as the rate of profits approaches its maximum value
R

The last remaining use of the Standard net product is as the
medium in terms of which the wage is expressed—and in this case
there seems to be no way of replacing it. If we wish to eliminate
it altogether, we must cease to regard w as an expression for the
wage and treat it instead as a pure number which helps to define
the quantity of labour which at the given rate of profits consti-
tutes the unit of prices: then, the prices of commodities being
expressed in terms of such quantity of labour, we can find its
wage in terms of any commodity by taking the reciprocal of the
price of that commodity.

44. The last steps of the preceding argument have led us to
reverse the practice, followed from the outset, of treating the

wage ather than the rate of profits as the independent variable or
‘given’ quantity.
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The choice of the wage as the independent variable in the
preliminary stages was due to its being there regarded as consist-
ing of specified necessarics determined by physiological or social
conditions which are independent of prices or the rate of profits.
But as soon as the possibility of variations in the division of the
prodact is admitted, this consideration loses much of its force.
And when the wage is to be regarded as ‘given’ in terms of a
more or less abstract standard, and does not acquire a definite
meaning until the prices of commodities are determined, the
position is reversed. The rate of profits, as a ratio, has a signifi-
cance which is independent of any prices, and can well be ‘given’
before the prices are fixed. It is accordingly susceptible of being
determained from outside the system of production, in particular
by the level of the money rates of interest.

In the following sections the rate of profits will therefore be
treated as the independent variable.
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CHAPTER VI

REDUCTION TO DATED QUANTITIES OF LABOUR

45, In this chapter prices are considered from their cost-of-
production aspect, and the way in which they ‘resolve themselves’
into wages and profits is examiped. Had it not been for the
necessity of following one line of argument at a time. the subject
would have been introduced earlier in the discussion. Indeed,
although not properly introduced, it has been anticipated in allu-
sions to the quantity of labour which ‘directly and indirectly’
enters a product. ‘

46. We shall call ‘Reduction to dated quantities of labour’
{or ‘Reduction’ for short) an operation by which in the equation
of a commodity the different means of production used are
replaced with a series of quantities of labour, each with its ap-
propriate ‘date’.

Take the equation which represents the production of com-
modity ‘a’ (and where the wage and prices expressed in terms of
the Stgndard commodity):

(Autat Bobyt o +E,p0) (140 +Lw = Ap,.

We begin by replacing the commodities forming the means of
production of A with their own means of production and quanti-
ties of labour; that is to say, we replace them with the commodi-
ties and labour which, as appears from their own respective
equations, must be employed to produce those means of produc-
tion; and they, having been expended a year earlier (§9), will
be multiplied by a profit factor at a compound rate for the
appropriate period, namely the means of production by {1+r¥
and the labour by (1+r). (It may be noted that A, the quantity
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of commodity ‘a’ itself which.is used in the production of A, is
10 be treated like any other means of production, that is to say,
replaced by its own means of production and labour.)

We next proceed to replace these latter means of production
with their own means of production and labour, and to these
will be applied a profit factor for one more year, or, to the means
of production (14++¥ and to the labour (1+4r).

We can carry this operation.on as far as we like and if next
to the direct labour L, we place the successive aggregate quantities
of labour which we collect at each step and which we shall call

oo Ly s we shall obtain the ‘reduc-

tion equation” for the product in the form of an infinite series

respectively Lcl_ L

a3z

Law+L, wl4+n)+...+L, w4+ +... = 4p,.

How far the reduction need be pushed in order to obtain a
aiven degree of approximation depends on the level of the rate
of profits: the nearer the latter is to its maximum, the further
must the reduction be carried. Beside the labour terms there will
always be a ‘commodity residue’ consisting of minute fractions of
every basic product: but it is always possible, by carrying the
reduction sufficiently far, to render the residue so small as to
have, at any prefixed rate of profits short of R, a negligible effect
on price. It is only at » = R that the residue becomes all-
important as the sole determinant of the price of the product.

47. As the rate of profits rises, the value of each of the
labour terms is pulled in opposite directions by the rate of profits
and by the wage, and it moves up or down as the one or the
other prevails, The relative weight of these two factors varies of
course at different levels of distribution: and, besides, it varics
differently in the case of terms of different ‘date’, as we shall
presently see.
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We have seen (§30) that, if the wage is expressed in terms
of the Standard nei product, when the rate of profits (r) changes,
the wage (w)} moves as

w=1--1

where R is the maximum rate of profits.

Substituting this expresston for the wage in each term of
the reduction-equation the general form of any nth labour term
becomes

L, (1—.;) d+rr.

| B
o P04 YEARs
-3 B

-5~

6 -

05

-3
-
L

03]

vALUE OF 1LABBUR TERMS
EXPRESSED IN STANDARD COMMODITY

024

RO L R A
] 51 [[#>4 152 20% 251
RATE OF PROFITS(r) (R

Fic. 2. Variation in value of *Reduction terms’ of different periods [Law(1 +1)"]
relative to the Standard commodity as the rate of profits varies between 2cro and
R (assumed to be 259%,). )

The quantities of labour (L,) in the various ‘terma’, which have been chosen
50 as to kecp the curves within the page, are as follows: L, = 1.04;, L, = ]
Ly = 076; Ly = 0:29; Ly, = 0-05235; Lyy = 0-0004.
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Consider now the values assumed by this expression as r
moves from O to its maximum R.

At r = 0 the value of a labour term depends exclusively
on its size, irrespective of date.

With the rise of the rate of profits, terms divide into two
groups: those that correspond to labour done in a more recent
past, which begin at once to fall in value and fall steadily
throughout; and those representing labour more remote in time,
which at first rise and then, as each of them reaches its maximum
value, turn and begin the downward movement. In the end,
at r = R, the wage vanishes and with it vanishes the value of
each labour term.

This is best shown by a selection of curves, representing
terms of widely different dates (7)) and different quantities of
labour, such as is given in Fig. 2. In this example R is supposed
to be 25%.

It is as if the rate of profits, in its movement from 0 to R,
generated a wave along the row of labour terms the crest of
which was formed by successive terms, as one after the other
they reached their maximum value. At any value of the rate of
profits the term which reaches its maximum has the ‘date’

14r
=R
And, conversely, the rate of profits at which any term of
date n is at its maximum is

_ . 1+R
r=R- n+1’

Accordiugly, all the terms for which n < have their

1
R
maximum at » = 0 and thus form the group of ‘recent dates’
mentioned above as falling in value throughout the increase of r.
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48. The labour terms can be regarded as the constituent
elements of the price of a commodity, the combination of which
in various proportions may, with the variation of the rate of
profits, give rise to complicated patterns of pricé-movement with
several ups and downs.

The simplest case is that of the ‘balanced commodity’
(cf. §21) or of its equivalent, the Standard commedity taken as
an aggregate: its Reduction would result in a perfectly regular
series, the quantity of labour in any term being equal to (1+R)
times the quantity in the term immediately preceding it in date.

As an example of the more complicated type we may sup-
pose two producis which differ in three of their labour terms
{chosen from those represented in Fig. 2), while being identical
in all the others. Ome of them, ‘a’, has an excess of 20 units of
labour applied 8 years before, whereas the excess of the other,
‘b’, comsists of 19 units employed in the current year and 1 unit
bestowed 25 years carlier. (They are thus not unlike the familiar
instances, respectively, of the wine aged in the cellar and of the
old oak made into a chest) The difference between their
Standard prices at various rates of profits, namely

Pa—pyp = 20w(1 +1)5—{19w+w(] +7)25}
is represented in Fig. 3 on the following page.

The price of ‘old wine’ rises relatively to the ‘oak chest’
as the rate of profits moves from 0 to 94, then it falls between
99, and 229, to rise again from 229% to 25%.

{The reduction to dated labour terms has some bearing on
the attempts that have been made to find in the ‘period of pro-
duction’ an independent measure of the quantity of capital which
could be used, without arguing in a circle, for the determina-
tion of prices and of the shares in distribution. But the case
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. 3. Difference, at various rates of profits, between the prices of two com-

Pr;:oc:iiges ?vhich are preduced zjr equal zuan'dn'es of labour equally distributed

‘er timne, with the exception that:
0» F{)UZ E.,n';t of commod?ty ‘a’ requires in addition 20 units of labour o be per-
forraed 8 years before its production is _complpt_cd; .

{2} aunit of commuodity ‘b’ requires in addition 1 unit of labour 25 years before
its production is completed and 19 units i the last year.

The equation of the curve is .

Pe—po = 200(h +1)0~ (19w + w(l +1)3),

R r
where we l—%—%,

just considered seems conclusive in showing the impossibility of
agpregating the ‘periods’ belonging to the several quantities of
labour into a single magnitude which could be regarded as re-
presenting the quantity of capital. The reversals in the direction
of the movement of relative prices, in the face of unchanged
methods of production, cannot be reccnciled with any notion
of capital as a measurable quantity independent of distribution
and prices.)

49. There is however a restriction to the movement of the
price of any product: if as a result of a rise in the rate of profits
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the price falls, its rate of fall cannot exceed the rate of fall of
the wage. Thus, if we draw two lines which show how the price
of a product ‘a’ and the wage, both expressed in terms of the
Standard commodity, vary with the rise of the rate of profits, the
price line cannot cut the wage line more than once, and then only
in one direction, such that the price, from being lower, becomes
higher than the wage with the rise of the rate of profits.

This can be readily seen, whether we look at the Reduction
series or at the original production equation of ‘a’. Consider the
former. The omly variables, beside the price of ‘a’, are the wage

WAGE AND PRICE

0 RATE OF PAOHITS(r) R
Fic. 4. Not more than one intersection is possible (in a system of
single-product industries),

and the rate of profits, which rises with the fall of the wage, so
that the combined effect of the two can never be a fall in the
price. more than in proportion to that of the wage.

If we turn to the production equation of commodity ‘a’, the
prices of the means of production might upset the proposition
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if they were themselves capable of falling at a greater rate. But
(o see that this is impossible it is sufficient to turn our attention
to the product whose rate of fall exceeds that of all the others:
this product, since it cannot have means of production which
are capable of falling at a greater rate than it does, must itself
fall Jess than the wage.

The conclusion is not affected if instead of the Standard com-
modity, we take, as measure of wages and prices, any arbitrarily
chosen product, since what we are concerned with is the price-
relation between labour and the given product, a relation which
is independent of the medium adopted.

It follows that if the wage is cut in terms of any commodity
(no matter whether it is one that will consequently rise or fall
relatively to the Standard) the rate of profits will rise; and vice
versa for an increase of the wage.

It also follows that if the wage is cut in terms of one com-
modity, it is thereby cut in terms of all: and similarly for an
increase. The direction of change is the same in relation to all
commodities, however different may be the extent.
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CHAPTER VII
JOINT PRODUCTION'

50. In Part I it has been assumed that each commodity was
produced by a separate industry. We shall now suppose two
of the commodities to be jointly produced by a single industry
{or rather by a single process, as it will be more appropriate to
call it in the present context). The conditions would no longer
be sufficient to determine the prices. There would be more
prices to be ascertained than there are processes, and therefore
equations, to determine them.

In these circumstances there will be room for a second,
parallel process which will produce the two commodities by a
different method and, as we shall suppose at first, in different
proportions. Such a parallel process will not only be possible—
it will be necessary if the number of processes is to be brought
to equalily with the number of commodities so that the prices
may be determined. We shall therefore go a step further and
assume that in such cases a second process or industry does in
fact exist?

! The next three chapters on Joint Production are in the main a
preliminary to the discussion of Fixed Capital and Land in chs, X and
XI. Readers who find them too abstract may like to move on to
chs, X and XI and to refer back when necessary.

® Incidentally, comsidering that the proportions in which the two
commodities are produced by any one method will in general be diffe-
rent from those in which they are required for use, the existence of two
methods of producing them in different proportions will be necessary for
obtaining the required proportion of the two products through an ap-
“mapriate combination of the two methods,
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This may seem an unreasonable assumption to make, imply-
ing as it appears to do that in every case there will be available
a second method of production, distinct from the first and yet
neither more nor less productive, so as 1o be capable of being
employed side by side with it. But no such condition as to equal
productiveness is implied, nor would it have a definite meaning
before the prices were determined; and, with different propor-
tions of products, a set of prices can generally be found at which
two different methods are equally profitable,

Therefore, any other method of producing the 1wo commodi-
ties will be compatible with the first, subject only to the general
requirement of the resulting equations being mutually indepen-
dent and having at Jeast one system of real solutions: which
rules out,” for example, proportionality of both products and
means of production in the two processes. However (and this
is the only economic restriction), while the equations may be
formally satisfied by negative solutions for the unknowns, only
those methods of production are practicable which, in the con-
ditions actually prevailing (i.e. at the given wage or at the given
rate of profits), do not involve other than positive prices.

The same result as to the determination of prices which is
obtained from the two commoditics being jointly produced in
different proportions by the two methods could be achieved
(even though they were produced in the same proportions)
through their being wsed as means of production in different
proportions in various processes.

It could be achieved even if the two commodities were
jointly produced by only onre process, provided that they were
used as means of production to produce a third commodity by
two distinct processes; and, more generally, provided that the
number of independent processes in the system was equal to
the number of commodities produced.
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(The assumption previously made of the existence of ‘a
second process’ ¢an now be replaced by the more general as-
sumption that the number of processes should be equal to the
number of commodities.)

5t. The possibility of an industry having more than one
product makes it necessary o reconstruct to some extent the
equations devised for the case of cxclusively single-product in-
dustries. In order to do so in a perfectly general way we shall,
instead of regarding joint products as the exception, assume them
to be universal and to apply to all processes and all products.

We consider a system of k distinct processes each of which
tirns out, in various proportions, the same k products,

This does not rule out the possibility of some of the pro-
ducts having a zero coefficient (that is to say, not being produced)
in some of the processes: just as it has been admitted through-
out that it is not necessary for each of the basic products to be
used directly as means of production by all the industries.

The system of single-product industries is thus subsumed as
an extreme case in which each of the products. while having a
positive coefficient in one of the processes, has a zero coefficient
in all the others.

An industry or production-process is consequently characte-
rised, no longer by the commodity which it produces, but by the
proportions in which it uses and the proportions in which it
produces, the various commodities.

Accordingly, in the present chapter, processes will be
distinguished (instead of, as formerly, by their products ‘a’, ‘b, ...,
k) by arbitrarily assigned numbers 1, 2, .., k.

Thus, 4,, B, ..., Ky will denote the quantities of the various
goods ‘a’, ‘b’, ..., ‘k” which are used as means of production in
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the first process; A, B, ..., K, those used in the second;
vens A, By, ..., K, those used in the last process.

The quantities of the various goods produced by each
process, on the other hand, to distinguish them from the means
of production, will have their suffix enclosed in parentheses:
Ay By Ky being the products of the first process;
Ay By oo K(yythe products of the second;....and Ag), By,
.. Kgy the products of the last process.

Using for the rest the same notation as in the case of single-
product industries, the joimt-production equations present them-
selves as follows:

_ ;(Alp¢+Blpb+"'+K.lpk) 1 +r)+Llw = A(I!Pn +B¢1>Pa+~°-+KmPk
(Aot + Bopy+ .+ Kopy) (1 4r)+ Lyw = App,+Bop,+ ... + Kpp:

(A2 +Bipy+ .- + Kty (L) + Low = App,+ Bopy+ ...+ Kin i

- - - . . . -

52. We can also construct the Standard system in the same
way as was done in the case of exclusively single-product indus-
tries {§33); namely by finding a set of multipliers which, applied
to-the k production-equations, will resuit in the quantity of each
commodity in the aggregate means of production of the sysiem
bearing to the quantity of the same commodity in the aggregate
product a ratio which is equal for all commedities.

Before proceeding to do so, however, it is necéssary to
remove certain difficulties which stand in the way. These arise
from the greater complexity of the interrelations, which results
on the one hand in the creeping in of negative quantities and
on the other in the disappearance of the one-one relation between
products and industries,



CHAPTER VI

THE STANDARD SYSTEM WITH
JOINT PRODUCTS

53. As soon as we consider in detail the construction of a
Standard system with joint products, it becomes obvious that
some of the multipliers may have to be negative.

Take for example the case of two products jointly produced
by each of two different methods. The possibility of varying the
extent to which one or the other mcthod is employed ensures a
cettain range of variation in the proportions in which the two
zoods may be produoced in the aggregate. But this range finds its
limits in the proportions in which the two goods are produced
respectively by each of the two methods, so that the limits are
reached as soon as one or the other method is exclusively em-
ployed.

Now suppase that m all cases in which two joint products ‘a’
and ‘b’ are used as means of production, the proportion in which
‘a’ 18 employed relatively to ‘b’ is invariably higher than the
highest of the proportions in which it is produced. In such circum-
stances we can say from the outset that some process must enter
the Standard system with a negative multiplier: but whether such
a multiplier will have to be applied to the low producer or to a
high user of commodity ‘a’ cannot be determined @ priori—it can
only be discovered by the solution of the system.

54. The most fertile ground for negative multipliers, how-
ever, is among non-basic products. (The latter need redefining in
the new circumstances, but it may be said in advance that the
main class, namely products which are altogether excluded from
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the means of production, will still be reckoned as non-basic; cf.
§ 60)

Consider the case of two commodities (jointly produced in
different proportions by two processes) of which one is to be in-
cluded in the Standard product while the other, not entering the
means of production of any industry, must be excluded from the
Standard product. This will be effected by giving a negative mulli-
plier to the process that produces relatively more of the second
commodity and a positive one to the other process: the two
multipliers being so proportioned that when the two equations are
added up the two quantities produced of the non-basic exactly
cancel cut, while 4 positive balance of its companion product is
retained as a component of the Standard commodity.

55. Once negative multipliers have been admitled for some
processes, others, which in regard to negative multipliers shine
with a reflected light, are liable to appear. Thus, if a raw material
is directly used in only one process, and that happens to be one
that receives a negative multiplier, the indusiry which produces the
raw material in question will itself have to follow suit and enter
the Standard system with a negative multiplier.

© 56. The outcome of this, since no meaning can be attached
to the ‘negative industries’ which such multipliers entail, is that
it becomes impossible to visualise the Standard system as a con-
ceivable rearrangement of the actual processes. We must therefore
in the case of joint-products be content with the system of abstract
equations, transformed by appropriate multipliers, without trying
to think of it as having a bodily existence.

The raison d'étre of the Standard system, however, is to
provide a Standard commodity. And in the case of the latter
there is fortunately no insuperable difficulty in conceiving as real
the negative quantities that are liable to occur among its compo-
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nents. These can be interpreted, by analogy with the accounting
concept, as liabilities or debts, while the positive components will
be regarded as assets.

Thes a Standard commodity which includes both positive and
negative quantities can be adopted as money of account without
too great a stretch of the imagination provided that the unit is
conceived as represeating, like a share in a company, a fraction
of each asset and of each liability, the latier in the shape of an
obligation to deliver without payment certain quantities of parti-
cular commodities.

57. There is another difficulty arising from the complexity of
the joint-products system that must be considered before we can
go on to copstruct the Standard commodity.

The criterion previously adopled for distinguishing between
basic and non-basic products (namely whether they do, or do not,
enter directly or indirectly the means of production of all com-
modities) now fails, since, cach commodity being produced by
several industries, it would be uncertain whether a product which
entered the means of production of only one of the industries pro-
ducing a given commodity should or should not be regarded as
entering directly the means of production of that commodity.! And
the uncertainty would naturally cxtend to the question whether it
did or did not enter ‘indirectly’ the production of commodities into
which the latter entered as means of production.

58. Taking advantage of the circumstance that all the three
distinct types of non-basics which are met in the single-products
system find their equivalents in the case of multiple-product in-
dustries, we shall begin by defining for the latter case the three

! The trouble, however, lies deeper and as we shall presently see there
would be uncertainty even if the commodity entered directly the means of
production of all the processes in the system, Cf. below, §59.
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types of non-basics, each as the extension of the corresponding
single-product type {cf. § 35).

(1) Products which do not enter the means of production of
any of the industries. This type can be immediately extended to
the multiple-products system without need of adaptation.

(2) Products each of which enters only its own means of
production. The equivalent of this type in the multiple system
is a commodity which enters the means of production of each
of the processes by which it is itself produced, and of no others—
but enters them to such an extent that the ratio of its quantity
among the means of production to its gnantity among the products
is exactly the same in each of the processes concerned.

(3) Products which only enter the means of production of an
interconnected group of non-basics; in other words, products
which, as a group, behave in the same way as a non-basic of the
second type does individually.

_ In order to define in the multiple system of k processes the
type which corresponds to this third case we shall {supposing the
inter-connected group to consist of three products, ‘a’, ‘b’ and ‘c?}
arrange the quantities in which these commodities enter any one
process, as means of production, and as products, in a row: we
shall thus obtain & rows ordered in 2 x3 columns as follows:’

4, B C 4, B, G,
4, B, C, Ay By Cy

4, B, G Ay By Cu

The condition for the three products being non-basic is that
not more than three of the rows should be independent, the other
rows being obtainable from combinations of those three rows

1 Some of the quantities may of course be zero.
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formeqd after giving them suitable muitipliers. (See for the general
definition § 60.)

59. The third type may give rise to curiously intricate
patterns. An example will indicate the possibilities in this
direction.

Suppose that, in a system of four processes and four products,
two commodities, ‘b’ and ‘c, are jointly produced by one process,
and are produced by mo other; but while ‘b’ does not enter the
means of production of any process, ‘¢’ enters the means of all the
four processes. Supposing the process that produces ‘b’ and ‘¢’ to
be represented by the equation

(Aipat+Cip.+Kipy) (1+r)+Liw = agyp,+ By oo+ Coppe+ K i

the ‘rows’ for the two commodities will be

. Cz Bm C'tn

.6 .
- Cs -
c, -

Only the first row and any one of the three others are indepen-
dent, the remaining two rows being linear transformations of the
latter. So that both ‘b’ and ‘¢’ are non-basic.

If we look at the matter from the standpoint of constructing
the Standard system, while it is obvipus that ‘b’ is incapable of
entering the Standard commodity, ‘¢’ appears at first sight to be a
suitable component of it. However, since ‘b” occurs only in one
process, the only way to eliminate ‘b’ is to omit that process al-
together (i.e. to give it a zero multiplier). But that process was
also the exclusive producer of “¢’. so that ‘c’ now survives only on
the side of the means of production and therefore becomes in-
capable of entering the Standard commodity. So ‘c” must itself
be eliminated, which is to be done by subtracting one of the
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remaining equations from each of the others, after giving it in
each case an appropriate multiplier which wili result in canceiling
out evety quantity of ‘c’.

60. The formal definition just given is not nearly so satis-
factory from the economic standpoint as the intuitive criterion of
‘entering, or not entering, the means of production of all commo-
ditics” which it supersedes. It has, however, the advantage of
greater generality.

It is clear, to begin with, that the first two types of non-basics
can be absorbed, as particular cases, in the third.

The definition covers, besides, the three types of the single-
products system. (It is indeed quite general and, as the example of
§ 59 suggests, it includes also a final type of non-basic, which is
to be introduced subsequently, namely commodities which enter
the means of production but are not produced— a type of which
land is the outstanding exampie.)

We can thercfore give this general formulation of the disting-
tion between basic and non-basic goods:

In a system of & productive processes and k commodities (no
matter whether produced singly or jointly) we say that a commo-
dity or more generally a group of n linked commodities (where n
must be smaller than k and may be equal to 1) are non-basic if of
the k rows (formed by the 2n quantities in which they appear in
each process) not more than n rows are independent, ithe others
being linear combinations of these.!

All commodities which do not satisfy this condition are basic.
(Note that, as has been stated in § 6, every system is assumed to
include at least one basic product.)

! In the language of algebra, the matrix of & rows and 2n columns
i8 of rank [ess than, or equal to, n.
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6i. It follows directly from this that we can, by lincar trans-
formations, entirely eliminate the non-basic commodities from the
system, both on the side of the means of production and on that
of the products. That is to say, we can find a set of mullipliers
(some positive and some negative) which applied to the original
k equations make it possible to combine them immto a smaller
number of equations (equal in number to the basic products) in
each of which any quantity of a non-basic is cancelled by an equal
quantity of opposite sign, so that only basics are included in
quantities different from zero.

This operation achiteves the same result as is obtained in the
single-products system by the much simpler method of crossing
out the equations of the industries which produce non-basics
(§ 35). In both cases the effect is to simplify the subsequent steps
in the argument,

62. If the number of basic products 1s j, the system thus
obtained will consist of j equations: these may be described as
the Basic equations.

Supposing the j basic commodities to be ‘a’, ‘b",..., §’ we shall
denote the net quantities in which they appear in a Basic equation

by barred letters A, B,..., Jto distinguish them from the quantities
in the original processes. The Basic equations will accordingly be
as follows:

(4,p, +BIP0+---+~71P;') (M+n+Liw= A_n)ﬁﬁ'l?u)f’b'i'--- +~§nPi
(IzP¢+BzPo+---+szj) A+ +Lyw = Adpp,+Bobpp+-.. +Ja s
(Lpa+Bipyt. + T30 (L) +Lw = AgpatBppot .+ It

This system is equivalent to the original one inasmuch as
the values which it determines for R and the prices will necessarily
be also solutions of that system.
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It differs however from the original system, not only for ex-
cluding non-basics, but in two other respects. In the first place a
Basic equation does not in general represent a productive process
—it is merely the result of combining the equations of a number
of processes. In the second place it may contain negative quan-
tities as well as positive ones.

63. The Basic equations are designed for the construction
of the Standard product! The multipliers gq., 4. .... g, which
applied to the j Basic equations give the Standard system are deter-
mined by the following equations:

(Aiq +Argy .. +A_9,} (1+R) = Adpg + A+ +At;l%
(31?1+quz+ +B5; G'J) (H'R) = Buﬂrl'Bu)Q'z*' . +Byg

+ . . - . .

(qul"‘jz‘h"' +‘J;€’3) (1+R)

The equations give an equation for R of the jth degree, so
that there may be up to j possible values of R and corresponding
sets of values of the ¢’s; and each set will represent a Standard
commodity of different composition.

J(n?l + J(z)9°+ +J‘J)‘b

Il

64. In deciding which, among the j possible sets of values,
is the one relevant 1o the econromic system, we can no longer rely
on there being, as the obvious choice, a value of R to which cor-
responds an all-positive Standard commodity; for in a system of
-joint production all may include negative quantities among their
components.

If, however, we reconsider the matter from the standpoint of
the single-products system, we shali find that while an all-positive

L1t would have been possible to construct the Standard product
directly from the original equations, and the final result would of course
have been the same. Why it has seemed simpler to go through the inter-
mediate stage of the Basic equations is explained in Appendix C.
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Standard appeals to commonsense, its superiority is due at least
as much to its being at the same time {(as was shown in § 42) the
one that corresponds to the lowest possible value of R. And we
shall see that the possession of this last property is by itseif
sufficient to make the Standard net product that is endowed with
it (no matter whether all-positive or otherwise) the one eligible
for adoption as unit of wages and prices.

In effect suppose that, R” being the lowest possible value of
R, we adopted as unit the Standard product corresponding to
another value, say R”, larger than R’. As the wage w measured in
this Standard was gradually reduced from 1 it would, before
reaching 0, arrive at a level w' such that

R*1-w)=FR'
when the rate of profits would be equal to R'.

If, at such level of w, we reckon on the basis of R, the wage
must be zero, since the rate of profits is at its maximum; while
on the basis of R” the wage must be positive since the rate of
profits is below its maximum. The reconciliation is effected
through the wage w' being a positive quantity of a composite
commodity the exchange value of which is zero. This is because
{as was shown in § 41} the exchange value of a Standard commo-
dity the composition of which corresponds to one solution of R
(in our case R”) at the prices that correspond to another solution
of R (in our case R") is zero.

This implies that, in these circumstances, the prices of all
commodities would, in terms of the chosen Standard. be infinite.
Such a result is economically meagingless. This ancmaly, how-
ever, can be avoided if we adopt as unit the Standard net product
that corresponds to the lowest of the values of R. This is the
only Standard product in terms of which, at all the levels of the
wage from 1 to O (and so at all the levels of the rate of profits
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from O to its maximum), it is possible for the prices of commo-
dities to be finite.

65. The distinction between basics and non-basics has be-
come so abstract in the Multiple-products system (whether be-
cause of the way in which it is defined or of the way in which
it is applied in the construction of a Standard commodity) that
it may be wondered whether it has retained any economic content
at all.

From the start, however, the chief economic implication of the
distinction was that basics have an essential part in the determina-
tion of prices and the rate of profits, while non-basics have none.
And this we shall find to be still true under the new definition.

In the Single-products system this meant that, if an improve-
ment took place in the method of production of a basic com:
modity, the result would necessarily be a change in the rate of
profits and in the prices of all commodities; whtle a similar im-
provement in the case of a non-basic would affect only its parti-
cular price.

This cannot be extended directly to a system of multiple
products, where both basics and non-basics may be produced by
the same process. We can however find an equivalent in a tax
(or subsidy) on the production of a particular commodity. Such
a tax is best conceived as a tithe, which can be defined indepen-
dently of prices and has the same effect as would have a fall in
the output of the commodity in question all other things (ramely
the guantities of its means of production and of its companion
products) remaining unchanged.

A tax on a basic product then will affect all prices and cause
a fall in the rate of profits that corresponds to a given wage, while
if imposed on a mon-basic it will have no effect beyond the price
of the taxed commodity and those of such other non-basics as may
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be linked with it! This is obvious if we consider that the trans-
formed system of Basic equations, which by itself determines the
rate of profits and the prices of basic products, cannot be affected
by changes in the quantity or price of non-basics which are not
part of the system.

* The effect which the tax has on the price of a non-basic will vary
with the type of non-basic. If it does nat enter any of the means of pro-
duction, its price will rise by the amount of the tax. If it enters its own
means of production, its price will change to the extent required to
maintain the original ratio of the value of the aggregate product of the
process (after deduction of the wage and of the tax) to the value of its
iggregate means of production. If it belongs lo a group of interconnected
non-basics, the prices of all or some of the components of the group
will change so as to maintain that ratio, (In the example of § 59 if the
production of commodity ‘¢’ were taxed, the price of ‘¢’ itself would be
unaffected and the brunt would be borne by the price of ‘b’ which would
have to rise to the necessary extent.)
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CHAPTER IX
OTHER EFFECTS OF JOINT PRODUCTION

66. It remains now to see to what extent the other conclu-
sions reached in the case of single-product industries are applicable
to joint-products.

One of those clearly needing verification is the rule that,
when the rate of profits is zero, the relative value of commodi- |
ties is proportional to the quantity of labour which, directly and |
indirectly, has gone to produce them (§ 14). For in the case
of joint-products there is no obvious criterion for apportioniny
the labour among individual products, and indeed it seems doubt-
ful whether it makes any sense to speak of a separate quantity of
labour as having gone to produce one of a number of joimily
produced commodities. We certainly get no help from the
‘Reduction’ approach, that is to say from leoking upon the
quantity of labour as being ascertained by tracing back the
successive uniis of labour bestowed at various times on the pro-
duct; for this method seems totally inapplicable to the case of
joint-products. (The question is further referred to in §68.)

However, with the system of single-product industries we
had an alternative if less intuitive line of approach in the method
. of *Sub-systems’ (see Appendix A) by which it was possible to
determine for each of the commodities composing the net pro-
duct the share of the aggregate labour which could be regarded
as directly or indirectly entering its production. Now this me-
thod, with appropriate adaptation, is capable of extension to a
system of joint-products, so that the conclusion about the quan-
tity of labour ‘contained’ in a commodity and its proportionality
to value at zero profits can also, without any straining of the
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ordinary meaning of words, be extended to commodities jointly
produced.

Take first the case of two commodities which are jointly pro-
duced by each of two processes in different proportions; but
instead of looking separately at the two pracesses and their pro-
ducts, let us consider the system as a whole and suppose that
quantities of both commodities are included in the net product of
the system. We shall further assume that the system is in a
self-replacing state and that, whenever the net product is changed,
the self-replacing state is immediately restored by means of suitable:
adjustments in the proportions of the processes composing it.

It may be noted as a prelimipary that it is possible to change,
within certain limits, the proportions in which the two commodi-
ties are produced if we alter the relative sizes of the two
processes by each of which (although in different proportions)
they are jointly produced.

Now, if we wish to increase by a given amount the quantity in
which a commodity enters the net product of the system, while
leaving all the other compopents of the net product unchang-
ed, we normally must increase the total labour employed by society.
It is, therefore, natural to conclude that the quantity by which
labour has to be increased for this purpose goes in its entirety,
whether directly or indirectly, to produce the additional quantity
of the commodity in question. The commodity added will, at the
price corresponding to a zero rafe of profits, obviously be equal
in value to the additional quantity of labour.

This conclusion seems no less cogent for a commodity which
is jointly produced with another, than for one which is produced
separately. Nor is the conclusion affected by the circumstance
that it will in general be necessary, in order to maintain the self-
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replacing state, to change the quantities of the means of produc-
tion used in the system, since any additional labour needed to
produce the latter is included as indirect labour in the quantity
that produces the addition to the net product.

67. A similar reasoning can be applied to the case of two
commodities (a' and ‘b’) which are jointly produced by only one
process, but are used as means of production, in different relative
quantities, by two processes each of which produces singly the
same commodity ‘c’.

While in this case we cannot change the proportions in which
the two commodities appear in the output of the industry producing
them, nevertheless we can, by altering the relative size of the two
processes using them, vary the relative guantities in which they
are used as means for producing a given quantity of *¢’. In this
way we can vary the relative quantities in which the two enter
the means of production of the system and this by itsclf (since
the relative quantities in which the two enter the gross product are
fixed) alters the relative quantities in which they respectively
enter the ner social product.

It is thus possible, as in the previous case, by an addition to
the total labour, to arrive at a new self-replacing state, in which
a quantity of one of the two point products, say ‘a’, is added to
the net product, white all the other components of the latter re-

! The adjustments cavisaged include, since joint-products are present,
the comtraction of some of the processes, and thus we might fall again
into the awkwardness of ‘negative industries’. This, however, can in gene-
ral be avoided, provided that the initial increase of the commodity in
question is supposed to be sufficiently small, and that the net product of
the system is assumed to comprise at the start sufficiently large quantities
of all the products, so that any necessary coatraction can be ahsorbed by
eXisting processes, without the need of any of them having to receive a
negative coefficient.
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main unchanged. And we can accordingly conclude that the
addition to labour is the quantity which directly and indirectly
is required to produce the additional amount of commodity ‘a”.

68. As noted above, while the method just outlined is an
extension of the approach by sub-systems, there is no equivalent
in the case of joint-products to the alternative method, pamely
Reduction to a series of dated labour terms, In effect if is of the
essence of such a Reduction that each commodity should be pro-
duced separately and by only one industry, and the whole opera-
tion consists in tracing back the successive stages of a single-
track productive process.

To re~create with joint products the conditions necessary for
such an operation we should have to give a negative coefficient to
one of the two joint-production equations and a positive one to
the other, so as to eliminate one of the products while retaining
the other in isolation. Consequently some of the terms in the
Reduction would represent negative quantities of labour, for which
no reasonable interpretation could be suggested. What is worse,
since the scries would contain both positive and negative terms,
the ‘commodity residue’ instead of decreasing towards zero at the
successive stages of approximation, might show steady or even
widening fluctuations, so that the series would not converge, that
is to say, its sum would not tend to a finite limit. (An example
of this type will be found in §79.)

The Reduction could not even be attempted if the two pro-
ducts were jointly produced by a single process, or by two
processes in the same proportions, since the apportioning of the
value and of the quantities of labour between the two products
would depend entirely on the way in which the products were
used as means of production for other commodines.
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69. Another statement that calls for reconsideration at this
stage is the proposition that, if the prices of all commodities are
positive at any one level of the wage between 1 and 0, no price
can become negative as a result of the variation of the wage
within those limits {§39). It may be said at once, however, that
this proposition is not capable of extension to the case of joint
products. The grounds on which it rested in the case of a
system of single-product industries was that the price of a com-
modity could only become negative if the price of some other
commodity (which was used as one of its means of production)
had become negative first—so that no commodity could ever
be the first to do so. But in the case of joint products there
is a way round and the price of one of them might become ne-
gative, provided the balance was restored by a rise in the price
of its companrion product sufficient to maintain the aggregate
value of the two products above that of their means of produc-
tion by the requisitc margin.

70. This conclusion is not in itself very startling. All that it
implies is that, although in actual fact al! prices were positive, a
change in the wage might create a situation the logic of which
required some of the prices to turn negaiive: and this being un-
acceptable, those among the methods of production that gave
rise t0 such a result would be discarded to make room for others
which in the new situation were consistent with positive prices.

But when the above conclusion is related to what we have
previously seen concerning the quantity of labour entering a
commadity, the combined effect of the two is indeed such as to
require some explanation. For what is involved is not merely
that, e.g., in the remote contingency of the rate of profits falling
to zero, the price of such a commodity would, if other things
remained equal, have to become negative; but that we are driven
to the conclusion that in the actual situation, with profits at the
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perfectly normal rate of, say, 6%, that commodity is in fact
being produced by a negative quantity of labour.

This looks at first as if it were a freak result of abstrac-
tion-mongering that can have mo cortespondence in reality. But
if we apply to it the test employed for the general case in §66,
and under the conditions there described we suppose that the
quantity of such a commodity entering the net product of the
system is increased (the other components being kept unchanged),
we shall find that as a result the aggregate quantity of labour
employed by society has indeed been diminished.

Nevertheless, since the change in production is carried out
while the ruling rate of profits is, as in the above example, at 6%
and the system of prices is the one appropriate to that rate,
nothing abnormal will be noticeable: in effect the diminution in
the expense for labour will be more than balanced by an in-
creased charge for profits, so that the addition to net output will
entail a positive addition to cost of production.

What happens is that in order to effect the required change
in the net product, one of the two joint-production processes
must be expanded while the other is contracted; and in the case
under consideration the expansion of the former process em-
ploys (either directly or through such other processes as it
carries in its train to ensure full replacement) a quantity of labour
which is smaller, but means of production which at the prices
appropriate to the given rafe of profits are of greater value, and
therefore attract a heavier charge for profits, than does (under a
similar proviso) the contraction of the latter process,

It scems unnecessary to show in detail that what has been
said in this section concerning negative quantities of labour can
be extended (on the same lines as was done for positive quantities
in § 67) to the case in which two commodities are jointly pro-
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duced by.only one process, but are used as means of production
by two distinct processes both producing a third commodity.

71. There is one further proposition about prices which
nceds reconsideration in the case of joint products.

We have seen (§ 49) that with single-product industries when
the wage falls in terms of the Standard commodity no product
can fall in price, in the same standard, at a higher rate than does
the wage. This conclusion was based on the consideration that,
were a product able to do so, it must be owing to one of its means
of production falling in price at a still higher rate; and since this
could not apply to the product that fell at the highest rate of all,
that product itself could not fall at a higher rate than the wage.

With one of a group of joint products, however, there is the
alternative possibility that the other commodities jointly produced
with it should rise in price (or suffer only a moderate fall} with the
fall of the wage so as to make up, in the aggregate product of the
industry, for any excessive fall of the first commodity’s price. To
such a rise there is no limit and therefore there is none to the
rate at which one of the several joint products may fall in price.

But as soon as it is admitted that the price of one, out of
two or more joint products, can fall at a higher rate than does the
wage, it follows that even a singly produced commodity can do
so, provided that it employs, as one of its means of production,
and to a sufficient extent, the joint product so falling.

72. The possibility that the price of a product may fall
faster than the wage has some notable comsequences. The first is
that the rule that the fall of the wage in any standard involves
a rise in the rate of profits must now admit of an exception.

Suppose that a 10 per cent fall in the Standard wage entails
(at a certain level) a larger proportionate fall, say 11 per cent, in
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the price, also measured in Standard product, of commodity ‘a’.
This means that labour has risen in value by about 1 per cent
relative to commodity ‘a’. If thersfore we were to express the
wage in terms of commodity ‘a’, a fall in such a wage over the
same range would involve a rise in the Standard wage and conse-
quently a fall in the rate of profits.

We can thus no longer speak of a rise or of a fall in the
wage unless we specify the standard, for what js a rise in one
standard may be a fall in another,

For the same reasons it becomes possible for the wage-line
and the price-line of commodity ‘a’ to intersect more than once as
the rate of profits varies.
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Fic. 5. Several intersections are possible in a system of
multiple-product industries.

As a result, fo any one level of the wage in terms of com-
modity ‘a’ there may correspond several alternative rates of profits.
{In Fig. 5 the several points of intersection represeni equality in
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value between a unit of labour and a unit of commodity ‘a’, i.e.
the same wage in terms of ‘a’, but of course they represent
different levels of the wage in terms of the Standard commedity.)
On the other hand, as in the case of the single-products system, to
any one level of the rate of profits there can only correspond
one wage, whatever the standard in which the wage is expressed.
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CHAPTER X
FIXED CAPITAL

73. The interest of Joint Products does not lie so much in
the familiar examples of wool and mutton, or wheat and straw,
as in its being the genus of which Fixed Capital is the leading
species. And it is mainly as an introduction to the subject of
fixed capital that the preceding chapters devoted to the intricacies
of joint products find their place.

We shall regard durable instruments of production as part of
the annual intake of a process, on the same footing as such means
of production (e.g. raw materials) as are entirely used up in the
course of a year; while what is left of them at the end of the year
will be treated as a portion of the annual joint product of the
industry, of which the more conspicuous part consists of the
markeiable commodity that is the primary object of the process.

For example, a knitting-machine enters the means of produc-
tion at the beginning of the year, along with the yarn, the fuel,
etc., with which it is employed; and at the end of the year the
partly worn-out, older machine which emerges from the process
will be regarded as a joint product with the year’s output of
stockings.

74. This point of view implies that the same machine, at
different ages, should be treated as so many different products,
each with its own price. In order to determine these prices, an
equal number of additional equations (and therefore of processes)
is required.

Accordingly, an industry which employs a durable instrument
must be regarded as being subdivided into as many separate pro-
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cesses as are the years of the total life of the instrument in ques-
tion. Each of these processes is distingnished by the fact that it
uses an instrument of a different age; and each of them ‘produces’,
jointly with a quantity of a marketable commodity, an instrament
a vear older than the one which it uses—with the exception of the
pracess using the expiring instrument in its last year, which pro-
duces singly the marketable commodity (or, at most, in addition,
the residual scrap if it has any value)!

These processes need not be separate in ownership or in
operation, and will indeed often be run side by side in the same
shed; all that is necessary is that the amounts of means of pro-
duction and labour employed by each should be separately as-
certainable by the use of measures of guantity, without need of
knowing the values—so that an independent production equation
can be set up for each.?

Nor is it necessary that the instruments belonging to succes-
sive age-groups should actually be marketed for their prices to be
effective; since even though these are only book-values, they are
the basis for correctly allocating the profits and making allowance
for depreciation in the case of each age-group: ‘correctly’ in the
sense of just fulfilling the original condition of making possible

L If the scrap (metal, timber, etc) is interchangeable in use with some
other material already accounted for, it simply assumes the price of the
latter without need of an additional process; if it is not completely inter-
changeable (¢.g. scrap iron as compared with pig iron), then there will be
room for two processes, producing the same commedity (e.g. steel), but
differing in the proportions in which they use the two types of material.

? This does not rule out the possibility of there being overheads which
cannot be allotted without going through the process of valvation. Where
sech exist, they merely represent another case of joint production super-
imposed on the case under consideration and like all such cases they both
require and allow of a sufficient number of processes to determine the
allocation of the joint costs.
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the replacement of the means of production and the payment of 2
uniform rate of profits. This can be seen if we compare ihe results
of the method here proposed with the usual way of calcolating
the depreciation and interest on a fixed capital asset.

75. ‘The ‘usual’ method just referred to is as follows.

Supposing a machine ‘m’ to work with constant efliciency
throughout its life, the annual charge to be paid for interest and
depreciation in respect of it must be constant, if the price of all
units of the product is to be uniform. This annual charge wili be
equal to a fixed annuity, the present value of which, calculated
on the basis of the general rate of profits , is equal to the original
price of the machine. If that price is p.o and the life of the
machine is n yeats, the annuity, as one can find from any band-
book of commercial arithmetic, is

r(1+"
Pwo (_l—-}T)'_);'Tl

which is therefore the annual charge on the machine.

76. On the other hand, the method here proposed is based
on the equations for the separate processes which correspond to
the successive ages of the machine. The quantity of machines of
a given type that are required to produce annually G, {a quantity
of a commodity) will be denoted by M, when they are new, by M,
when they are one-year old, etc.. and by M,_, when they enmter
their last year of usefulness; their respective prices, or book-values,
per unit will be denoted by pou, Pris -..o P pyia_y)- Under the condi-
tion assumed above of constant efficiency throughout the life of
the machine, the equations representing the production of a com-
modity ‘g’ by the employment of the machine ‘m’, using for the
rest the same notation as in § 51, will be
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(Mopm°+AgPa+"'+Kng) (1 -I-T) +ng = G(‘;ﬁ"‘}‘Man‘
(Mlpml+A;P¢+"'+K;Pk) (l+r)+L,w = G(g)pg"'Mme R

L - - . - - . - - . . - - . - - -

(Mo P+ Agpst -+ Egpi) (L47) H Lyw = G .

The quantities of means of production, of labour and of the
main product are equal in the several processes in accordance with
the assumption of constant efficiency during the life of the
machine. This circumstance makes it possible for the whole
group to be combined into a single expression, If we multiply the
n equations respectively by (J+r70-% (1+0™%.., .., (1+9, 1
and add them. the machines of intermediate ages (above zero and
under » years) which appear on both sides cancel out and we
obtain

Mopa, (147" +{(Apo b oo + Ky (L 7) 4+ Lw) UEI 2 +?"- l
14r)x~1
= G@)P"( r)
o . {(I+r)"~1
Dividing both sides by - we have

140
Mo, UL(;;).L_)_7+(A3P.;+...+K‘,0,K) (149 +Lw = Gyp,

where the first term represents the annual charge for the machine
and is identical with the expression that we obtained above (§ 75)
by the annuity approach.

77. While the two methods give the same result in the
extremely simplified case of constant efficiency to which both can
be applied, the advantage of the joint-production-equations method
is that it is not restricted to that case but has general validity. It
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will give the ‘correct’ answer in every case, no matter how complex,
over the life of a durable instrument of production, may be the
pattern of falling productivity or increasing maintenance and
repairs. It will, besides, make due allowance for any variation in
the prices of the different materials and services required.

In every case the price at any given age of a durable instru-
ment of production or fixed capital asset, as it results from the
equations, represents its correct book-value after depreciation. The
difference between the values of the asset at two consecutive ages
gives the allowance to be made for depreciation for that year.
And this latter amount (for example, M,p,,—M.p...) added 10 the
profit at the general rate on the value of the asset at the beginning
of the year (M\p.,.r) gives the annual charge for that year. This
charge will in general not be constant but changing, and probably
falling, with the ageing of the instrument or asset.

78. The depreciation of a machine, however, is not deter-
mined exclusively by its employment in one particular industry, as
the above might seem to imply,

TFhe same type of machine (eg. a lorry) may be used in
several industries and it may be subject to greater wear and tear
when employed in one than in the other and have a shorter life;
or, even if the total life is the same, its efficiency may fall at
different rates from year to year or require more repairs.

Since the price of the new machine js the same for all indus-
tries it can continue to be denoted by p.. But in successive years
it may have a different book-value according to the use to which
it is put. The new uses will be represenied by additional equa-
tions and the new book-values by additional symbols. Thus we
may call M, Proi. MyePuge. etc. the machines at successive ages
multiplied by their respective book-values in the ‘g’ industry;
MupPmiz. MuaPmne,  etc. those in the ‘b’ industry, and so on.
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If in all the industries the machine had the same working life
and constant efficiency, the book-values for each age would be
equal in all of them, since the annual charges would all be equal
to the annuity described in § 75.

79. We now turn to inquire to what extent the complications
that arise with Joint Products in general apply to the particular
case of Fixed Capital. First as regards ‘reduction’,

The equations for fixed capital make it easy to see how an
attempt to effect the ‘reduction’ of a durable instrument to a
series of dated quantities of labour will in general fail. To take
the simplest case, suppose that a machine has a life of two years
and its efficiency is constant. The equations would be

(MOPMQ+‘4gPG+"'+ﬁ’ng) (1 +T) +ng = G(g'fpg+M1f)m1
(M Py Aot A Kop) (1 41) +Lyw = G,

Now the first step towards the ‘redugtion’ of the one-year-old
machines M, to a series of labour terms is to subtract the second
equation from the first so as to isolate M,, leaving it as the sole
product on the right-hand side. As a result of this there appears a
similar quantity M, among the means of production; it has, how-
ever, a negative sign and its price is multiplied by (1+7).

This is by itself sufficient to show that we are engaged in a
blind alley: for when we come to the ‘reduction’ of the negative
term containing M;, there will appear among its residual means of
production a positive M, and so, with successive steps, M, will
constantly reappear, alternately positive and negative, and in each
<ase multiplied by a higher power of (147). This will make it
impossible on the one hand for the residual aggregate of com-
modities to tend to vanishing-point and on the other for the sum
of labour terms to tend to a limit. (This conclusion, based on the
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assumption of constant efficiency, holds a forriori when the pro-
duct of a machine diminishes with age; but it would ccase to be
true, and the ‘reduction’ to dated labour terms, some positive and
some negative, would become possible if the annual product were
to increase with age.)

80. Now consider how the value of a machine varies with
its age. (For the sake of simplicity we take as in the previous
example a machine of constant efficiency.} 1f we assume the rate
of profits to be zero, the value of such a machine wili fall by
equal steps of 1/nth of the original value for each of the n years
of its life.

Since in this case of zero profits the original value represents
the quantity of labour that has been required to produce the
machine, it is natural to extend this notion to the subsequent
years and say that its value at any given age represents the
quantity of labour which it ‘embodies’, that is to say the quan-
tity which has gone to produce it, minus such quantities as year
by year have passed into its product. (What is more, this can be
verified by the method described in §§66-7 and Appendix A, as
i5 done in the following section.)

8f. Suppose that a tractor requires, directly and indirectly,
4 units of labour to produce it and has a life of four years with
constant efficiency: what is being suggested is that at the end
of the first year’s operation it will ‘contain’ only 3 units of labour,
at the end of the second 2. etc., and at the end of the fourth,
when it is ready to be scrapped, none.

To prove this we shall compare two systems which differ in
their net products. We start with a self-replacing system the
annual net product of which consists of, say, 1000 tons of wheat,
It employs 20 tractors equally divided between the four age-
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groups of 0, 1, 2, 3 years; these require for replacement the pro-
duction of 5 new tractors annually.

Next we introduce a second self-replacing system, similar to
the preceding one in every respect, except that its net annual
product includes some tractors which are half-way through their
life. Thus, besides 1000 tons of wheat, the net product of this
system will include 2 two-year old tractors. We have to show
that the second system must employ an exira 4 units of labour,
i.e. the quantity satd to be ‘contained’ in two tractors of that age.

Such a system to be self-replacing must, first of all, have
among its means of production 2 additional one-year-old tractors
and 2 additional new ones; these require for replacement 2 new
tractors annually.

Since there are mow at work an extra 4 tractors, whereas the
quantity of wheat in the net product must remain unchanged,
the former team of tractors must be reduced from 20 to 16, if
the total number (20) is to remain as before: these 16 being still
equally spread over the four ages, and requiring 4 (instead of 5)
new tractors annually for replacement. Thus, although there are,
as before, only 20 tractors at work, the output of ‘new’ (i.e. zero-
age) tractors must be raised from 5 to 6 (i.e. 2+4) with the con-
sequent employment by the system of 4 extra units of labour.
No ‘new’ tractors are added to the net product {since all the 6
are required for the replacement of means of production) and the
net product of the 4 units of labour is 2 two-year-old tractors.

82. 1If the rate of profits is zero, the criterion of equal de-
preciation-quotas for equal efficiency in successive years ensures
equal prices for identical units of product, no matter what the
age of the machines by which they are produced. But as soon as
the rate of profits rises above zero, equal depreciation quotas
would entail different charges (the ‘charge’ conmsisting of depre-
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ciation plus profit) on machines of different ages, since at amy
given rate of profits less would be payable for profits on the older
and partly written-down machines; and therefore equal deprecia-
tion would be inconsistent with equal prices for all umits of the
product.

The equality of price can therefore only be maintained if the
annual depreciation quotas are increased on the older machines
relatively to the newer ones, so as to restore the equality of the
charge at different ages. Thus, if we look at any one machine
of a given age, the year’s depreciation quota for it will change
with the rise in the rate of profits. The sum, however, of the
annual depreciation quotas over the whole lifetime of a machine
must under all circumstances be constant, since it must be equal
to its original price. The quotas for the later years must there-
fore rise by exactly as much as those for the earlier years fall.

Each depreciation quota is naturally equal to the difference
between the values of the durable instrument in two consecutive
years of its life. As a result the value of the instrument, instead
of falling with age by equal annual steps, will as soon as a rate
of profits emerges fall by steps which are bigger the higher is
the age: and the higher the rate of profits the more will the
steepness of the downward steps increase with age.

83. We now turn from the standpoint of the life-progress
of a single machine to the standpoint of a complete range of n
similar machines, each being one year older than the preceding
one, and thus forming a group such as we might find in a self-
replacing system. The requirement that the life-sum of the de-
preciation quotas should be constant and independent of the rate
of profits is now embodied in the fact that under all circum-
stances such a group is mamtamed simply by bringing in a2 new
machine every year.
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But the redistribution over the various ages of this constant
life-sum has the remarkable effect that with any rise in the rate
of profits the value of the group as a whole rises relative to the
original valug of a new machine. This is the necessary result of
the fact just noticed that with increasing age the value of a
durable instrument falls by equal steps in successive years if the
rate of profits is zero, but if the rate of profits is greater than
zero the downward steps increase in size with age.

To see how this comes about, let us consider the position
of an instrument which has reached any given age r out of a total
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F :-c. 6. Book value of a durable instrument at various rates of profit,

{The instrument is supposed to have a life of 50 years at constant efficiency.)
Each stepped curve shows how, at a given rate of profits, the value of the instrument
falls as its age increases. The area enclosed between each curve and the axes is pro-
portional to the value of a sct of 50 instruments of even age-disiribution. Taking
the value of a new instrument as unity, their aggregate value, whichis 25 atr = C,
rises to 295 atr = 239, to 34 at 59, to 39-5 at 109, and 1o 44 at 209, it can of
course never exceed 50.
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life of n years. The sum of the steps by which its value has
fallen during the first ¢ years of its life is smaller if r > 0 than
if r = 0; so that the sum of the steps by which it will fall to
nothing in the remainder of its life, which is of course equal to
its value at the present moment, is larger if r > 0 than if r = 0.
By a similar reasoning it can be further seen that its value will
not only be higher when r > 0, but will continue to rise with
any increase of r.

There is, however, a limit to the rise in value of such an
instrument even if the rate of profits were to rise without limit,
and the limit to which it tends is the value of a new instrument,
If the total life of an instrument is n years, and its value when
new is 1, at the age of ¢ years its value is

(1+rr—(Q+ry
A+n—1

and the range of variation of its value with the variation of r lies
between (n—1)/n and 1.

In the diagram abave (Fig. 6), the ordinates represent the
value, at each age, of a durable instrument, having a total life
of 50 years, at various assumed levels of the rate of profits (r):
and the area intercepted between each stepped curve and the
axes fepresent the aggregate value of a complete set (or self-
replacing group) of instruments of all ages. The value of such
a set increases from n/2 0 a maximum of n as the rate of
profits increases from zero without limit.

This variation in the.price of ageing machinery cannot be
explained from the cost-of-production side. It arises exclusively
from the necessity of maintaining, when the rate of profits
changes, the equality in price of all units of the product whatever
the differences in age of the instrumenmis by which they are
respectively produced.
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Although the interest of this type of price-variation is chiefly
from the standpoint of capital theory, its effect in the ease of
long-lived fixed-capital assets such as buildings can be appre-
ciable.

Thus, when a number of plants are to be constructed in succes-
sion over a period of years the annual depreciation quotas of the
first units put into operation are available for financing the con-
struction of the subsequent units, and the early quotas will be
larger the lower is the rate of profits: as a result, given the cost
of building a plant, the total net investment required will be larger
the higher is the rate of profits. In the example assumed in Fig. 6
the investment is proportional to the area between the relevant
curve and the axes—an area which grows with the rise in the rate
of profits.

84. In contrast with its intractability as regards ‘reduction,’
fixed capital fits easily into the Standard system. What simplifies
the matter is the circumstance that durable instruments as such
do not necessarily involve negative multipliers,

Durable instruments, if basics, will have to be represented
in the Standard commodity by specimens of the various ages in
their due proportions. For example, consider a machine that
has a life of three vears, and suppose the Standard ratio to be
10%. The three processes employing machines of 0, 1 and 2
years of age will receive such multipliers as to result in the
machines’ entering the aggregate of the means of production of
the three processes in the proportions of 100 two-year-old
machines, 110 one-year-old ones and 121 new ones: hence, at
the end of the year, the number of each age-group found in the
product will exceed by 10% the number of the same age that
had been included in the means of production at the beginning
of the year.
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The similarity between the several processes which employ a
durable instrument in its successive stages of wear will generally
make it possible for the Standard system to be constructed by
means of exclusively positive multipliers. As a result, a system
which contained no other element of joint production besides
what is implied in the presence of fixed capital would in general
have an all-positive Standard commodity, thus reproducing in
this respect the simplicity of the system of single-product in-
dustries.
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CHAPTER X1

LAND

85. Natural resources which are used in production, such
as land and mineral deposits, and which being in short supply
enable their owners to obtain a rent, can be said to occupy
among means of production a position equivalent to that of
‘non-basics’ among products. Being employed in production, but
not themselves produced, they are the converse of commodities
which, although produced, are not used in production. They are,
in fact, already included under the wider definition of non-basics
given in § 60.

The similarity of rent-earning natural resources with non-
basic products shows itself at once in the impossibility of their
being counted among the components of the Standard product,
since they appear on one side only of the production process.
And as for the other property of non-basics with regard to
taxation, it is hardly necessary to dwell on the doctrine that
‘taxes on rent fall wholly on landlords’ and thus cannot affect the
prices of commodities or the rate of profits—a conclusion which
could be proved in the present setting by merely repeating the
argument used in the case of mon-basic products (§65).

86. If n different gualities of land are in use, they will give
rise to an equal number of different methods of producing comn
(supposing, at first, corn to be the only agricultural product).
There will therefore be n production-equations, to which must
be added the condition that one of the lands pays no reat;' and
to these equations there will correspond an equal number of

1By this token only can it be identified as the least productive land
in use (cf.p. 89).
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variables representing the remts of the » qualities of land and
the price of corn.

Only the process that produces corn on the no-rent land
can enter into the composition of the Standard system, since
the no-rent land itself is eliminated from the equation, along
with all other ‘free’ natural resources which, although necessary
to production, are not reckoned among the means of production.

In setting up the production-equations, the C's will represent
quantities of corn. 4 _, A, vy A, the different lands and p .p _,
oy P, the respective rents; among these quantities, the p’s are the
unknowns. (Note that the suffixes are arbitrary and do not re-
present the order of fertility, which is not defined independently.
of the rents; that order, as well as the magnitude of the rents
themselves, may vary with the variation of r and w.) The equa-
tions which, as part of the general system, represent the pro-
duction of corn are as follows: :

(A bt +Cop+. -+ K p) L47)+L wrdipy = Cop,
(Aot FC o+ + K 8) (140 + L w+ 4,0, = Cop P,
(Apbot - +Cp.+. K p) (L) + L wt A0, = Gup,
and the condition that one of the renmts should be zero can be
written
pPyP,=0

the relevant solution being always the one in which the p's
are > 0.

87. If land is all of the same quality and is in short supply,
this by itseli makes it possible for two different processes or
methods of cultivation to be used comsistently side by side on
similar lands determining a uniform rent per acre. While any
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two methods would in these circumstances be formally con-
gistent, they must satisfy the cconomic condition of not giving
Fise to a negative rent: which implies that the method that pro-
duces more corn per acre should show a higher cost per unit
of product, the cost being calculated at the ruling levels of the
rate of profits, wages and prices.

The production of corn would thus be represented in the
general system by two equations with the two corresponding
variables of the rent of land and the price of com.

Both equations would enter the Standard system, although
with coefficients of opposite signs and of such values as would in
the aggregate eliminate the Jand from the means of production
of that system.

88. While the case of lands of different qualities will be
readily recognised as the outcome of a process of ‘extensive’
diminishing returns, it may be less obvious that a similar con-
nection exists between the employment of two methods of pro-
ducing corn on land of a single quality and a process of ‘intensive’
diminishing returns.

From this standpoint the existence side by side of two
methods can be regarded as a phase in the course of a progres-
sive increase of production on the land. The increase takes
place through the gradual extension of the method that produces
more corn at a higher unit cost, at the expense of the method
that produces less. As soon as the former method has extended
to the whole area, the remt rises to the point where a third
method which produces still more corn at a still higher cost can
be introduced to take the place of the method that has just been
superseded.! Thus the stage is set for a new phase of increase

1The change in methods of production, if it concerns a basic product,
involves of course a change of Standard sysfern; see below ch. X
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in production through the gradual extension of the third method
at the expense of the intermediate one. In this way the out-
put may increase comtinuously, although the methods of produc-
tion are changed spasmodically.

While the scarcity of land thus provides the background
from which rent arises, the only evidence of this scarcity to be
found in the process of production is the duality of methods:
if there were no scarcity, only one method, the cheapest, would
be used on the land and there could be mo reat.

89, More complex cases can gererally be reduced to com-
binations of the two that have been considered. The main type
of complication arises from the multiplicity of agricultural
products.

Thus, suppose that in the first case land of one quality was
so exceptionally well-suited for one particular crop, that such a
crop was grown on the whole of that land and on no other land:
under these circumstances there would be room for two different
methods of producing the crop in question on that land, and its
rent would be determined independently of that of the other
lands, becoming in effect an instance of the second case.

Or consider the more general case in which each of several
qualities of land can be used for several alternative crops, al-
though none of the crops is grown on land of all the qualities;
while on the other hand none of the lands is sufficiently specia-
lised to have its rent determined independently of the others.
What is required in any case is that the number of separate
processes should be equal to the number of qualities of land
plus the number of producis concerned; and, moreover, that the
links or overlaps between the various products and the various
lands on which they are grown should be sufficient for the deter-
mination of the rents and of the prices. The type of link required
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may be sufficiently indicated by the consideration that the above
condition would be satisfied if the links werec such as to make
possible the construction of a Standard commedity from which
were excluded all the lands as well as any non-basics among
the products.

In the case of a single quality of land, the multiplicity of
agricultural products would not give rise to any complications.
It may however be noted that only for one of the crops would
two separate methods of production be compatible; for the rest,
the mumber of processes would have to be equal to the number
of products.

90. We must now turn back to reconsider, in the light of
the discussion of rent, a distinction made in an earlier chapter.

We have just seen that, where rent arises from the use of
a single quality of land, negative coefficients will be involved in
the construction of the Standard system (although this will not
necessarily happen in the case of ‘differential’ rent from lands of
unequal fertility) with the consequent possibility of negative
quantitiecs among the components of the Standard commodity,
Now this possibility of negative components is the characteristic
feature of what we have called the ‘multiple-products system’
‘and is also the chief cause of its limited usefulness as a concep-
tion in contrast with the system of ‘single-product industries’.
It is therefore disconcerting to see it appear in a case where
each of the processes produces a single commodity.

The fact is that the introduction of means of production
which are not themselves produced, by rendering possible a
multiplicity of processes producing the same commeodity even
though each process has no more than one product, has disrupted
our distinction beiween the two types of system, making its
reconstruction necessary.
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To effect such reconstruction we must in the first place
re-define a ‘system’ as a set of industries, or methods of produc-
tion, equal in number, not as formerly to the different products,
but to the different things that are produced andfor used as
means of production. Besides, the properties which we had
attributed to the system of ‘single-product industries’ must be
transferred to a system in which each commodity is produced by
not more than one method; and the properties of the system of
‘multiple-product’ industries must be transferred to a system in
which at least one commodity is produced by more than one
method, even though all industries were single-product industries.
(This need not affect what was said in the previous chapters,
since the two distinctions coincide up to the appearance of
means of production which are not themselves produced.)

91. Machines of am obsolete type which are still in use
are similar t0 land in so far as they are employed as means of
production, although not currently produced. The quasi-rent (if
we may apply Marshall’s term in a more restricted sense thap
he pave it) which is received for those fixed capital items which,
having been in active use in the past, have now been superseded
but are worth employing for what they can get, is determined
precisely in the same way as the rent of land. And like land such
obsolescent instruments have the properties of non-basics and
are excluded from the composition of the Standard commodity.
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CHAPTER XII

SWITCH IN METHODS OF PRODUCTION

92, We have been assuming that in a system of single-
product industries only one way of producing each commodity
is available, with the result that changes in distribution can have
no effect on the methods of production employed.

Suppose now that, for the production of one of the commo-
dities, two alternative methods are known. Axnd, to take the
simpler case first, suppose that the commodity in question is a
non-basic product.

At any given level of the general rate of profits,' the method
that produces at a lower price is of course the most profitable
of the two for a producer who builds a new plant.

PRICE

X
] a% 2% 15
RATE OF PROFITS (1) 24

Fig. 7

The two curves in Fig. 7 show how the price of the commo-
dity as produced by the two alternative methods varies with the
rate of profits (the price, or cost of production, being expressed

!The rate of profits is taken as the independent variable in this
connection; but the argument would not be affected if the wage, expressed
in any given commodity or composite commodity, were taken instead.
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in terms of an arbitrarily chosen standard). The points of inter-
section where the prices are equal correspond to the switching
from one to the other method as the rate of profits changes.
There may be one or more such intersections within the range
of possible rates of profit, by analogy with what we have scen
in the case of two distinct commodities (§48); if on the other
hand there is no intersection, one of the methods is unprofitable
in all circumstances and may be disregarded.

93. If the product is a basic one, the problem is compli-
cated by -the circumstance that each of the two alternative
methods of producing it implics a distinct economic system, with
a distinct Maximum rate of profit. As a result we seem to lack
a common ground on which the comparison between the two
methods can be carried out: since, according as one or the other
method is used, we are in one or the other economic system, and
to any given rate of profits there will correspond, in each system,
a different wage, even though in the same standard, and a different
set of relative prices; as a comsequenrce a comparison of the
prices by the two methods becomes meaningless since its result
appears tp depend on which commodity is chosen as standard
of prices.

Two different methods of producing the same basic com-
modity can only co-gxist at the points of intersection (that is to say
at those rates of profits at which the prices of production by the
two methods are egual), since the two economic systems (which
are respectively characterised by the two methods, but are alike
in every other respect) will at such points necessarily have also
the same commodity-wage' and the same system of relative prices.

! }t may be noticed that, while the commodity-wage is the same af such
points, yet it will be equivalent to different proportions of the respective
Standard net products of the two systems: since to each of the fwo systems
there will correspond a different value of R.

98



SWITCH IN METHODS OF PRODUCTION

This co-existence is possible because with k basic equations
(representing k methods of production) and k+1 unknowns (re-
presenting k—1 prices, the wage w and the rate of profits r) there
is room for ope more basic equation (or method of production)
even though it does not bring with it an additional product and
an additional price. With k+1 methods of production, however,
it is no longer possible to vary at will the rate of profits, its level
being now fully determined. At any other level of the rate of
profits the two methods are incompatible, and the two distinct.
systems to which they belong have no point of contact, '

Yet, if the two methods are to present themselves as alternd-
tives, a comparison must be possible within the Same system
even at rates of profits at which the two methods are incompati-
ble. This can be accomplished if we assume for a moment that
the products of the two methods are two distinct commodities
which, however, have such properties that, while for all possible
basic uses they can be regarded as idenmtical and are completely
interchangeable, there are other, non-basic uses, some of which
require the one, and some the other, of the two products, without
possibility of interchange. The result is that for all basic uses
the choice between the two methods will be exclusively grounded
on cheapness; and at the same time the special non-basic uses
will emsure that both methods are always employed to some
extent, whatever the system. )

Suppose that the commodity in question is copper and that
it can be produced by two methods which we shall call T and II
and which characterise respectively systems 1 and H with diffe-
rent Maximum rates of profits R, and R;;. The products of
the two methods {copper 1 and copper I} are, for basic uses,
the same commodity produced in different ways. We can there-
fore assume either that we are in system I and regard copper Il as
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naon-basic, or that we are in system II with copper I as non-basic
{and vice versa for basic),

The two assumptions will give different results, for in general
;to any given rate of profits, say 5%, there will correspond in
‘cach of the two systems a different wage and a different set of
rrelative prices; and according as one or the other assumption is
‘made the cost-ratio between copper I and copper II will be
different.

It can however be shown that, while the extent of the cheap-
ness of one method of production relatively to the other will vary
according as the comparison is carried out in system I or in
system II, the order of the two methods as to cheapness must
be the same in the two systems. In effect, as we shall see (§94),
it is always the method whose product (say, ‘copper II'} is basic
in the system which has the higher value of R that, in the upper
reaches of the rate of profits,! is the cheapest in both systems.
As the rate of profits is reduced, any change in the order of
cheapness must apply equally to the two systems, since it involves
-going through a point of intersection and such points are com-
mon to both,

94. We have seen that as the rate of profits rises there may
bc several intersections between the prices at which the two
ethods produce, with as many switchings backwards and for-
wards from one method to the other and consequently from one
system to the other.

In view of this possibility we cannot {confrary to what one
might have expected) say in general that, of two alternative
methods of production, the one that corresponds to a Standard
system with a higher ratio of product to means of production

1 Le. above the rate corresponding to the highest point of intersection.
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(te. with a larger R) will be the most profitable when the rate
of profits is comparatively high, and the least profitable when it
is comparatively low.

" There is, however, one statement of general validity that can
be made in this connection. Bu¢ for this purpose it is convenient
to transfer our attention from the two methods of producing the
commodity in question to the two corresponding economic
systems,

From such a standpoint it is evident that at rates of profits
which are intermediate between R, and R, (where R, is larger
than R,) there can be no points of intersection, since over that
range, while the wage (w) of system II would continue positive,
in system I w would assume zero or negative values. (That is
to say, over that range copper II would be, not merely the most
profitable, but the only possible one as a basic.)

Since in the higher ranges of the rate of profits (i.e. between
R, and R,;) the method which corresponds to the higher
Standard ratio of product to means of production is the only
possible one for the basic product, it follows that if the two
methods have a single point of intersection, the only possible
switch as the rate of profits rises is from a lower to a higher
Standard ratio of product to means of production (i.e. from a
lower to a higher value of R).

The position can be illustrated by a diagram (Fig. 8) which
exhibits the relation between the rate of profits and the wage in
each of two systems (I and II) which, while being similar in
all other respects, differ in so far as one uses method I while the
other uses method II for producing one of the basic products.

The two lines show, for the respective systems, how the
wage falls while the rate of profits rises from zero to its maximum

101



SWITCH IN METHODS OF PRODPUCTION

value (which is R, = 15% for the first system and R, = 16%
for the second). A common standard being necessary for a
comparison, the wage of both systems is expressed in terms of
the Standard commodity of system IL' As a result the relation
is represented by a straight line for system Il and by a curve
for system I. (This would of course be reversed if the Standard
commodity of system I were adopted as common standard.)
The point of intersection, at » = 10%, is where the two alterna-
tive methods of production are equally profitable; beyond that
point, with a further rise of the rate of profits, it becomes pro-
fitable to switch from method I to method II.

WAGES (IN STANDARD COMMAQODITY IT)

o1 1T 1Y%
RATE OF PROFITS (r) (RJIR)

Fic. 8

1 It may be noticed thaf, although the composition of the Standard
commodity in system I will in general be quite different from that of
system II, yet all the commodities entering the lafter can be produced in
system 1, even though some of them may appear in this system merely as
non-basic products.
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95. We can now extend the supposition of an alternative
method for producing ome commodity and suppose that there are
many such alternatives with at least as many distinct points of
intersection; and not only for one of the products, but for each
of them. So that as the rate of profits rises there will be a rapid
succession of switches in the methods of production of one or
other of the commodities.

Throughout such a series of changes, although the value
of R may move alternately up and down. to each rise in the rate
of profits there will invariably correspond (with systems of
single-product industries) a fall in the wage measured in terms
of any commodity. This is because changes in the rate of profits
and in the wage always take place within one System, so that the
movements of the two are bound to be in opposite directions;
whereas the switch from one method to the other (and consequent-
ly from one system to the other) emtails no change in either the
rate of profits or the wage—on the contrary, it becomes possible
at a point of intersection between the old and the new systems,
and therefore at given levels of the wage and of the rate of profits,

96. With single-product industries, each process or method
of production is identified by the commodity which it produces, so
that when an additional, (k+1)th, method is introduced there is
no doubt as to which of the pre-existing methods it is an alterna-
tive to.

When, however, each process or method produces several
commodities, and each commodity is produced by several
methods, this criterion fails. And the problem arises of how to
identify among the pre-existing methods the one to which the
new method is an alternative.

We first define the equivalent, for the case of multiple-pro-
duct industries, of the rate of profits at which the intersection
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between the two price-curves of the single-product industries takes
place: such equivalent is that rate of profits at which ecach of the
k commodities is produced, whether by the new method or by
the old ones, at the same price.

Qur problem is to spot the method that will be superseded
when the rate of profits rises beyond that point, In doing this we
procesd in a somewhat roundabout way. We begin by turning
our attention away from the individual methods of point-produc-
tion and concentrate upon the possible systems which are respec-
tively defined by the absence of one of the methods from among
their components. With k+1 methods (or processes) we can
form k different systems of k processes, all of the systems includ-
ing the pew method and each of them omitting in turn one of the
k old methods.

Suppose now that the rate of profits is raised by a very small
fraction above that point. For all the & systems the resulting wage
will be lower than before:* but it will be different for each of the
8ystems (although expressed in the same standard). Consider the
system which at the newly given rate of profits allows of the high-
est wage; if we regard the wage, instead of the rate of profits, as
being given, we shall find that this system will also be the most
profitable one since, given any of those wages, it will allow the
payment of a higher rate of profits than does any other system.
Now this system is distinguished by the absence from among its
constituents of one particular method of production, which is pre-
sent in all the other systems. That particular method is thus shown
to be the least profitable to employ in the new circumstances, and
is therefore the one that will be superseded by the new method.

1 We assume here (and it is essential for the conclusion) that no
commodity’s price behaves in the peculiar way described in §§71-2.
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ON 'SUB-SYSTEMS"

Consider a system of industries (each producing a differem com-
modity) which is in a self-replacing state.

The commodities forming the gross product (i.e. all quantitie.s
on the right-hand side of the equations in §11) can be unambigu-
ously distinguished as those which go to replace the means of
production and those which together form the net product of the
system.

Such a system can be subdivided into as many parts as there
are commodities in its net product, in such a way that each part
forms a smaller self-replacing system the net product of which
consists of only one kind of commodity. These parts we shall
call ‘sub-systems’,

This involves subdividing each of the industries of the original
system (namely, the megns of production, the labour and the pro-
duct of each) into parts of such size as will ensure self-replace-
ment for each sub-system.

Although only a fraction of the labour of a sub-system is em-
ployed in the industry which directly produces the commodity
forming the net product, yet, since all other industries mercly
provide replacements for the means of production used up, the
whole of the labour employed can be regarded as directly or in-
direetly going to produce that commodity.

Thus in the sub-system we see at a glance, as an aggregate,
the same quantity of Jabour that we obtain as the sum of a series

1 Cf §14,
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of terms when we trace back the successive stages of the produc-
tion of the commodity {ch. vI).

At each level of the wage and of the rate of profits, the com-
modity forming the pet product of a sub-system is equal in value
to the wages of the labour employed plus the profits on the means
of production. And when the wage absorbs the whole net product,
the commedity is equal in value to the labour that directly or
indirectly has been required to produce it.
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NOTE ON SELF-REPRODUCING NON-BASICS

Consider a commodity which enters to an unusually large exfent
into the production of itself. It may be imagined to be some crop
such as a species of beans or of corn the wastage on which is so
great that for every 100 units sown no more than 100 are reaped.
It is clear that this would not admit of a rate of profits higher
than, or indeed, since other means of production must be used as
well, as high as, 10%.

1f the product in question is a basic one there is no problem;
it simply means that the Maximum rate of profits of the system
will have to be less than 109.

It however it is a non-basic product, complications arise. The
way in which a non-basic is produced has, as we have seen, no
influence on the general rate of profits, so that there would be
nothing to prevent the Maximum rate of the system being highes
than 10%: and yet the product in gquestion is incompatible with
a rate as high as 10%. This contradictory situation finds its outlet
in the behaviour of the price of the product (we shall call it "beans’)
when the wage is reduced. As the rate of profits in its rise ap-
proached 10% the price of the beans would have to increase
without limit since of the 10 units left over after replacing the seed
more and more would be required for the profits on the seed itself,
while the quantity which remained available for paying for the
replacement of the other materials used, plus their profits, would
approach vanishing-point.

1 Cf. footnote to §39.
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That point would be reached at 109%, which replacement of
the other materials would be possible only if they were to be had
for nothing, i.c. if the relative price of the beans was infinite.

When the rate of profits was above 10% the conditions could
be satisfied only if the particular p which represented the price
of beans assumed a pegative value. (The resulting situation
could be visualised as a sort of fairyland in which, the product
being insufficient even to replace the beans used up and pay in
full the profit on them, a quantity of these would bave to be
‘bought’ for the purpose and, as ‘negative price’, goods sufficient
to replace the other means of production, with profits, would
have to be received in addition.)

»

]

103 (39753
RATE OF PROFITS (r) )

PRICE OF "BEANS'
=]

-
Fic. 9

A simplified version of the ‘beans’ example is shown in the
diagram, where the Maximum rate of profits is assumed to be
15% and the price is expressed in Standard commodity. The
price curve comsists of both branches of a rectangular hyperbola
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which has for asymptotes the rate-of-profits axis and the parallel
to the price-axis that passes through the 10% point.

The situation in which the price of beans p becomes infinite
(at 10% rate of profitsy can also be described, if beans are taken
as the standard of price, as one in which the price of every other
commodity is zero: this gives a formal solution of the equations.
But if we take as standard of price a basic commodity, it is
impossible for every other price to become zero, since there
must be at least one other commodity in the means of produc-
tion of which that basic commodity emters. So that the cor-
responding situation, in which the price of a commodity becomes
negative by passing through infinity, cannot occur in the case
of a basic.

It is perhaps as well to be reminded here that we are all the
time concerned merely with the implications of the assumption
of a uniform price for all units of a commodity and a uniform
rate of profits on all the means of production. In the case under
consideration, if the rate of profits were at or above 109% it
would be impossible for these conditions to be fulfilled. The
‘beans” could however still be produced and marketed so as
o show a normal profit if the producer sold them at a higher
price than the ome which, in his book-keeping, he attributes to
them as means of production.
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THE DEVICE OF A ‘BASIC SYSTEM™

This is a footnote to §§62-3, intended to explain briefly why,
in constructing the Standard product for the multiple-product
equations, it has been found advisable to transform these, as a
preliminary, into Basic equations, rather than operate directly on
the original system,

The object of the exercise is to identify the particular value
of R which is appropriate from the economic standpoint. Once
the non-basic commodities are eliminated (as is done through
the Basic equations) this can be defined as the lowest of the
possible values of R.

If, however, the elimination were not effected, additional
values of R would arise owing to the presence of such non-basics
as entered both the product and the means of production. Values
of R of this type would have the peculiarity that the correspond-
ing prices of all commodities would be zero (with the exception,
for cach value of R, of the prices of one non-basic or of a group
of interconnected non-basics). Such values of R are meaning-
less from the standpoint of an economic system and must be
rejected. Omne of them, however, might be the lowest of all (as
in the example given in Appendix B in connection with the single-
products system) and the mere possibility of this would invalidate
the criterion by which the economically relevant value of R is
identified. To get over this it would be necessary to distinguish
the two groups of values of R on the grounds of the peculiarity
described above; a procedure which seemed even more cumbrons
than the one adopted in the text.

1 Ci. §63n. !
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REFERENCES TO THE LITERATURE

1. The connection of this work with the theories of the old
classical economists has been alluded to in the Preface. A few
references to special points, the source of which may not be
obvious, are added here.

It is of course in Quesnay’s Tableau Economique that is
found the original picture of the systemt of production and con-
sumption as a circular process, and it stands in striking contrast
to the view presented by modern theory, of a one-way avenue that
leads from ‘Factors of production’ to ‘Consumption goods’.

A method devised by Ricardo (if the interpretation given 1n
our Introduction to his Principles is accepted) is that of singling
out corn as the one product which is required both for its own
production and for the production of every other commodity. As
a result, the rate of profits of the grower of corn is determined
independently of value, merely by comparing the physical gquantity
on the side of the meand of production to that on the side of the
product, both of which consist of the same commodity; and on
this rests Ricardo’s conclusion that ‘it is the profits of the farmer
that regulate the profits of all the other trades’. Another way of
saying this, in the terms adopted here, is that corn is the sole
‘basic product’ in the economy under consideration.

(It should perhaps be stated that it was only when the
Standard system and the distinction between basics and non-basics
had emerged in the course of the present imvestigation that the
above interpretation of Ricarde’s theory suggested itself as a
natural consequence.)

1 In Ricardo’s Works and Correspondence, 1, Xxxi-xxxii.
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Ricardo’s view of the dominant role of the farmer’s profits
thus appears to have a point of contact with the Physiocratic
doctrine of the ‘produit net’ in so far as the latter is based, as
Marx has pointed out,' on the ‘physical’ nature of the surplus in
agriculture which takes the form of an excess of food produced
over the food advanced for production; whereas in manufacturing,
where food and raw materials must be bought from agriculture, a
surplus can only appear as a result of the sale of the product.

2. The conception of a standard measure of value as a
medium between two exiremes {§17ff.) also belongs to Ricardo?
and it is surprising that the Standard commodity which has been
evolved from it here should be found to be equivalent to some-
thing very close to the standard suggested by Adam Smith,
namely ‘labour commanded”™ (§43), to which Ricardo himself was
so decidedly opposed.

3. The notion of a Maximum rate of profits corresponding
to a zero wage has been suggested by Marx, directly through an
incidental allusion to the possibility of a fall in the rate of profits
‘even if the workers could live on ait’;* but more generally owing
to his emphatic rejection of the claim of Adam Smith and of
others after him that the price of every commodity ‘either imme-
diately or ultimately’ resolves itself entircly (that is to say, without
leaving any commodity residue) into wage, profit and rent—a
claim which necessarily presupposed the existence of ‘ultimate’
commodities produced by pure labour without means of produc-
tion except land, and which therefore was incompatible with a
fixed limit to the rise in the rate of profits.

1 Theotien iiber den Mehrwert, 1, 36 and m, 134, note,

! See Works, 1, xliv.

3 Wealth of Nations, bk, 1, ¢h. v: Cannan’s ed. 1, 35.

4 Capital, vol. 111, ch. 15, sec. ii, Kerr's ed. p. 290.

¥ Capital, vol. I, ch. 49, pp. 979, 981 £. referring to the Wealth of
Natigns, bk., 1, ch. vi; Canpan’s ed, I, 52.
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4. The plan of treating what is left of fixed capital at the
end of the year as a kind of joint-product may seem artificial if
viewed against the background of the continuous flow of industrial
production, but it fits easily into the classica] picture of an agri-
cultural system where the annual product, in Adam Smith’s words,
paturally divides itself into two parts, one destined for replacing
a capital, the other for constituting a revenue.! Adam Smith,
however, excludes fixed capital from the annual product® It was
only after Ricardo had brought to light the complications which
the use of fixed capital in various proportions brings to the deter-
mination of values that the plan in question was resorted to. It
was first introduced by Torrens in the course of a criticism of
Ricardo’s doctrine, In explaining his own peculiar theory ac-
cording to which ‘the results obtained from the employment of
equal capitals are of equal value’, Torrens shows by means of
examples that his theory is verified if only ‘the results’ are re-
garded as including, besides the product in the ordinary sense of
the word, e.g. ‘the woollens’, also ‘the residue of the fixed capital
employed in their manufacture’? '

Thereafter the method was generally adopted, even by the
opponents of Torrens’s theory: first by Ricardo in the next edition
of his Principles,' then by Malthus in the Measure of Value® and
later by Marx,* but afterwards it seems to have fallen into
oblivion.

1 Wealth of Nations, bk, 11, ch, iii; 1, 315.

1 Bk, 1, ch, ii; 1, 272.

& ‘Strictures on Mr.. Ricardo's Doctrine Respecting Exchangeable
Value', in Edinburgh Magazine, Oct. 1818, p. 336; cf. An Essay on the
Production of Wealth, by Robert Torrens, 1821, p. 28.

*In a passage in which the value of ‘corn’ is compared with that
of ‘the machine and cloth of the clothier together’, 3rd ed. (1821), (Ricardo’s
Works, 1, 33).

% Published in 1823, p. 11; see also the posthumous 2nd ed, of
Malthus's Principles of Political Econonry (1836), p. 269.

¢ Capital, vol. 1, ch. 9, sec. i, Moore and Aveling transl. p. 195. quoting
Malthus; and cf. the quotation from Tatrtens m Theorien iiber den
Mehrwert, w1, 77.
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